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ABSTRACT
Silk damping of primordial small-scale perturbations in the photon-baryon fluid due to diffu-
sion of photons inevitably creates spectral distortions in the CMB. With the proposed CMB
experiment PIXIE it might become possible to measure these distortions and thereby constrain
the primordial power spectrum at comoving wavenumbers 50 Mpc−1 . k . 104 Mpc−1. Since
primordial fluctuations in the CMB on these scales are completely erased by Silk damping,
these distortions may provide the only way to shed light on otherwise unobservable aspects
of inflationary physics. A consistent treatment of the primordial dissipation problem requires
going to second order in perturbation theory, while thermalization of these distortions necessi-
tates consideration of second order in Compton scattering energy transfer. Here we give a full
2×2 treatment for the creation and evolution of spectral distortions due to the acoustic dissi-
pation process, consistently including the effect of polarization and photon mixing in the free-
streaming regime. We show that 1/3 of the total energy (9/4 larger than previous estimates)
stored in small-scale temperature perturbations imprints observable spectral distortions, while
the remaining 2/3 only raises the average CMB temperature, an effect that is unobservable. At
high redshift dissipation is mainly mediated through the quadrupole anisotropies, while after
recombination peculiar motions are most important. During recombination the damping of
the higher multipoles is also significant. We compute the average distortion for several exam-
ples using CosmoTherm, analyzing their dependence on parameters of the primordial power
spectrum. For one of the best fit WMAP7 cosmologies, with nS = 1.027 and nrun = −0.034,
the cooling of baryonic matter practically compensates the heating from acoustic dissipation
in the µ-era. We also derive the evolution equations for anisotropic spectral distortions in first
order perturbation theory. We furthermore argue that the first order anisotropies of spectral
distortions may dominate over the corresponding second order contributions from recombi-
nation if an average fractional distortion ≃ 10−5 is already present before recombination.
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1 INTRODUCTION
The energy spectrum of the cosmic microwave background
(CMB), as measured with with COBE/FIRAS (Mather et al. 1994;
Fixsen et al. 1996), is Planckian with extremely high precision.
This is direct evidence that the Universe was dense and hot
at early times, a fact that constitutes one of the most im-
portant foundations of big bang cosmology. Possible devia-
tions from a blackbody spectrum were constrained to be µ .
9 × 10−5 and y . 1.5 × 10−5 (Fixsen et al. 1996) for chem-
⋆ E-mail: jchluba@cita.utoronto.ca
† E-mail: rkhatri@mpa-garching.mpg.de
ical potential and Compton-y distortions (Zeldovich & Sunyaev
1969; Sunyaev & Zeldovich 1970c,d; Illarionov & Sunyaev 1975b;
Danese & de Zotti 1977; Burigana et al. 1991b; Hu & Silk 1993a).
At lower frequencies a similar limit on µ was recently obtained by
ARCADE (Seiffert et al. 2011), and µ . 6 × 10−5 at ν ≃ 1 GHz is
derived from TRIS (Zannoni et al. 2008; Gervasi et al. 2008).
Two orders of magnitude improvement in sensitivity over
COBE/FIRAS have in principle been possible for several years
(Fixsen & Mather 2002), and the recently proposed CMB experi-
ment PIXIE (Kogut et al. 2011) would be able to detect distortions
at the level of ∆Iν/Iν ≃ 10−8−10−7 in the frequency range 30 GHz .
ν . 6 THz. Technologically even higher sensitivity might be possi-
ble, but PIXIE is already close to what is required to detect the spec-
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tral distortions arising from Silk damping (Silk 1968) of primor-
dial perturbation due to photon diffusion in the primordial plasma
(Sunyaev & Zeldovich 1970a; Daly 1991; Barrow & Coles 1991;
Hu et al. 1994a). Although acoustic dissipation creates a mixture
of µ and y-type distortions (Chluba & Sunyaev 2012), the µ-type
contribution is especially important since it can only be introduced
at redshifts 5 × 104 . z . 2 × 106 and is distinguishable from
other types of distortions due to its unique spectral dependence.
However, there are many other more strong sources of y-type dis-
tortions arising during reionization of the Universe and in the later
epoch (for example, shock heated intracluster gas or hot gas in the
galaxies and clusters of galaxies; see Sect. 6.5). This is the reason
why below we concentrate on early energy injection.
The modes which produce the µ-type distortion due to Silk
damping dissipate their energy close to the photon diffusion scale,
corresponding to comoving wavenumbers of 50 Mpc−1 . k .
104 Mpc−1. Since photon diffusion completely erases perturba-
tions on these scales, the resulting spectral distortions may pro-
vide the only way to constrain the primordial power spectrum at
these wavenumbers. This could help shed light on the high en-
ergy physics responsible for generating the initial conditions of our
Universe, an observational possibility that cannot be ignored. The
erasure of perturbations on small scales also has important conse-
quences for structure formation and this was one of the earlier mo-
tivations to study this process (Silk 1968; Peebles 1970; Chibisov
1972; Doroshkevich et al. 1978).
Motivated by the above considerations we carefully formu-
late and solve the problem describing the dissipation of primordial
acoustic modes and the subsequent evolution of the resulting av-
erage spectral distortion in the early Universe. This requires cal-
culation of the photon Boltzmann equation at 2×2 order, i.e. sec-
ond order in perturbations and second order in the energy transfer
by Compton scattering. Previous estimates (Sunyaev & Zeldovich
1970a; Daly 1991; Barrow & Coles 1991; Hu et al. 1994a) for the
effective energy release rate were based on simplifying assump-
tions ignoring microscopic aspects of the heating process. Also, it
is clear that previous estimates for the effective heating rate are only
valid in certain limits. For example, the tight coupling expressions
given by Hu et al. (1994a) are restricted to the radiation dominated
era and overestimate the heating rate during and after recombina-
tion (Chluba & Sunyaev 2012). Recently, Khatri et al. (2012) gen-
eralized these estimates to also include the possibility for a running
spectral index, nrun, and an approximate treatment of the heating
rate during and after hydrogen recombination. This analysis indi-
cates that the energy released by acoustic dissipation could balance
the cooling of photons by adiabatically expanding baryonic matter
(Chluba 2005; Chluba & Sunyaev 2012). The latter leads to Bose-
Einstein (BE) condensation (Khatri et al. 2012), creating a µ-type
spectral distortion with negative chemical potential.
Since the net amplitude of the distortion caused by both pro-
cesses strongly depends on the time-dependence of the energy re-
lease, it is important to consider the cosmological dissipation prob-
lem rigorously, starting from first principles. This removes the un-
certainties connected with previous estimates, allowing accurate
predictions for a given primordial power spectrum. We show here
that only 1/3 of all the energy stored in small-scale perturbations of
the photon-baryon-electron fluid leads to spectral distortions, while
the remaining 2/3 just increases the average photon temperature.
Microscopically one should think about the problem as redistribu-
tion of energy inside the radiation field, where energy release is
caused by the damping of small-scale temperature perturbations,
which affects the average radiation field. At low redshifts, after re-
combination, the peculiar motions of baryons also become impor-
tant, as we show here. Consistently taking into account all micro-
scopic aspects, we find that in comparison to previous estimates the
effective heating rate at high redshifts is 9/4 higher, but the observ-
able part that causes a spectral distortion is 3/4 smaller.
To write down the photon Boltzmann equation in second
order we can rely on several previous works (Hu et al. 1994b;
Bartolo et al. 2007; Pitrou 2009). In (Hu et al. 1994b) a detailed
derivation of the second order collision term for Compton scatter-
ing can be found. However, there the second order energy trans-
fer is considered for the average monopole by means of the usual
Kompaneets equation (Kompaneets 1956; Weymann 1965), while
the scattering of anisotropies is only treated in the Thomson limit,
assuming no energy exchange. To consistently formulate the ther-
malization process at high redshifts (z ≃ 106), well before re-
combination, it is however necessary to also include scattering of
anisotropies with energy transfer. Thus before integrating over elec-
tron momenta for the Compton collision integral, 4th order terms
in the total electron momentum must be included.
Here we obtain the photon Boltzmann equation in 2×2 or-
der perturbation theory. We provide a detailed derivation in Ap-
pendix C using two independent methods. One is based on the
Lorentz-boosted Boltzmann equation, to account for the effect of
peculiar motions on the scattering process, while the other uses ex-
plicit Lorentz transformation of the Thomson scattering and gen-
eralized Kompaneets terms to derive the required expressions. The
latter allows us to obtain all the second order terms that have been
discussed in the literature so far just from the expression for Thom-
son scattering in a very simple and compact manner. Lorentz trans-
formation of the generalized Kompaneets term allows one to derive
all 2×2 terms. The final expressions for the temperature-dependent
corrections to the Compton scattering collision integral are given in
Appendix C9. In addition we include an approximate treatment of
anisotropic Bremsstrahlung (BR) and double Compton (DC) emis-
sion (see Appendix D).
Armed with these results, we start our discussion of the pri-
mordial dissipation problem by explaining some of the basic as-
pects leading to distortions (Sect. 2 and 3). In particular, Sect. 2
gives a distilled physical picture for the processes leading to the
spectral distortion, which is based on the main results of our de-
tailed second order Boltzmann treatment. We then discuss the cos-
mological thermalization problem in zeroth, first and second order
perturbation theory, highlighting important aspects that are nec-
essary to understand the primordial dissipation process (Sect. 4).
We point out that spatial variations of spectral distortions of the
CMB, which we call spatial-spectral distortions, also have the po-
tential of constraining new physics responsible for uniform energy
release in the early Universe. An average distortion of the order of
10−5 − 10−6 during recombination would result in spatial-spectral
perturbations of order ≃ 10−10, which dominate over the second
order spatial-spectral perturbations, parts of which were calculated
by Pitrou et al. (2010). We also explain that the time-dependence
of the energy release process provides a way to slice the Thomson
visibility function, if energy release occurs during recombination.
For the cosmological dissipation problem only the average
distortion really matters, as spatial-spectral distortions are at least
100 times smaller (cf. Pitrou et al. 2010). Since at second order
in perturbation theory the frequency-dependence of the photon
Boltzmann equation cannot be factored out, all calculations have
so far relied on defining an effective temperature by integrating
the Boltzmann equation over frequency (Khatri & Wandelt 2009,
2010; Senatore et al. 2009; Nitta et al. 2009; Pitrou et al. 2010), ig-
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noring energy exchange with the matter. However, CMB experi-
ments measure flux as a function of frequency and consequently
these calculations are not directly comparable with observations.
We point out a unique separation of the Boltzmann equation into
uncoupled spectral distortion and blackbody temperature pertur-
bation evolution equations in which the spectral dependence does
factor out. Thus it is straightforward to apply second order per-
turbation theory without resorting to ad-hoc temperature variables.
These considerations might have implications for the second or-
der calculations of non-Gaussian signatures (e.g., Nitta et al. 2009;
Pitrou et al. 2010; Bartolo et al. 2012), which to some extent mix
temperature and distortion parts. Our separation shows the men-
tioned 2:1 division of the energy release. We also find that pertur-
bations in the potentials only matter for the average photon temper-
ature (see Eq. 37), while second order Doppler terms only enter the
evolution equation of the spectral distortions.
We close our analysis of the cosmological dissipation prob-
lem by explicitly computing the effective heating rates for differ-
ent primordial power spectra (Sect. 5 and 6), analyzing their de-
pendence on the spectral index of scalar perturbations, nS, and
its possible running, nrun. For pure power-law primordial power
spectra we present simple expressions for the effective heating
rate during the µ-era in Sect. 5.1, e.g., Eq. (47). The results are
then included into the cosmological thermalization code, CosmoTh-
erm (Chluba & Sunyaev 2012) to compute the final spectral distor-
tion (Sect. 6). Our computations show that for one of the best fit
WMAP7 cosmologies with running spectral index, nS = 1.027 and
nrun = −0.034 (Larson et al. 2011; Komatsu et al. 2011), we indeed
find that the cooling of baryonic matter practically compensates the
heating from acoustic dissipation in the µ-era, and the net distortion
is mainly characterized by a y-type distortion, as anticipated earlier
(Khatri et al. 2012). However, the sign of the µ-parameter is very
sensitive to the values of nS and nrun. For example, for a Harrison-
Zeldovich spectrum (nS = 1) and even for nS = 0.96 (another best
fit WMAP7 value) the observable part of the energy dissipated by
sound waves exceeds the adiabatic cooling of baryonic matter, so
that the net distortion is positive. Therefore, even a null result pro-
vides a valuable and sensitive measure of the primordial small-scale
power spectrum. We also show here that for a given value of nS one
can find a critical value of nbalrun at which the net µ-parameter changes
sign, models that we call balanced injection scenarios (Sect. 6.2).
1.1 Metric, gauge and some notation
Throughout, we use the conformal Newtonian gauge to carry out
the computations. We use the metric ds2 = a2e2φ dx2 − e2ψc2 dt2,
where a(t) is the usual scale factor, ψ describes Newtonian poten-
tial perturbations, and φ perturbations to the spatial curvature. We
neglect vector and tensor perturbations modes. We refer to the ref-
erence frame defined by this metric as Newtonian frame.
In the text we denote temperature perturbations in different or-
ders byΘ(i) ≡ (∆T/T )(i). Peculiar velocities are given by βp = vp/c.
In the following bold font denotes 3-dimensional vectors and an ad-
ditional hat means that the vector is normalized to unity, e.g., γˆ for
the direction of a photon. The spherical harmonic coefficient for
Ylm(γˆ) of some function X(γˆ) are denoted by the projection inte-
gral [X]lm ≡ Xlm. We also use the abbreviation, Xl = ∑lm=−l XlmYlm,
whenever applicable. The Legendre transforms of the temperature
field are defined by ˆΘl = 12
∫
Θ(µ)Pl(µ) dµ ≡ Θl0/
√
4π(2l + 1),
where Pl(µ) is a Legendre polynomial and µ = γˆ · ˆβp.
2 ENTROPY PRODUCTION DUE TO SILK DAMPING
In this section we provide a distilled version of the main physics re-
sponsible for the spectral distortions of the CMB as a result of the
dissipation of small-scale acoustic waves in the early Universe. Part
of this section simply provides some background about the physi-
cal conditions during the periods of interest here, but a large part
of this section follows directly from our more detailed Boltzmann
treatment presented in subsequent sections.
2.1 The baryon-photon-electron fluid at high redshifts
At high redshifts (z ≫ 925) we encounter an extremely interesting
period when the primordial plasma is radiation dominated, i.e. not
only the pressure p ≃ pγ = ργ/3, but also the energy density of the
baryon-photon-electron fluid, ρ ≃ ργ ≈ 0.26[1+z]4eVcm−3, are de-
termined by the CMB photons, with the contribution of baryons to
the energy density of this primordial fluid being negligible. Obvi-
ously, some baryonic matter (here the definition includes electrons)
is also present, setting the relatively small mean free path for the
photons because of Compton scattering. This permits us to consider
photons strongly interacting with free electrons along with protons
and ions as a single fluid with pressure p = ργ/3 and adiabatic
index 4/3. We also encounter adiabatic perturbations which, after
crossing the sound horizon, rs, are converted into standing sound
waves. During the radiation dominated era the velocity of sound,
cs = 1/
√
3(1 + R), is close to c/√3, where c is the speed of light,
and R = 3ρb/4ργ is the weighted ratio of baryon to photon energy
density, also known as baryon loading. This picture is very similar
to normal Jeans instability with the sound horizon corresponding to
the Jeans wavelength, which is only a factor of
√
3 smaller than the
cosmological horizon (Lifshitz 1946; Bonnor 1957).
It has been known for a long time that perturbations on small
scales, λ ≪ rs, are damped due to thermal conductivity and vis-
cosity (Lifshitz 1946; Lifshitz & Khalatnikov 1963). Silk (1968)
was the first to compute the dissipation scale due to thermal con-
ductivity in the cosmological picture, when the CMB was dis-
covered, and predicted what came to be known as Silk damp-
ing. Shear viscosity, which dominates over thermal conductivity
in a radiation dominated plasma, was included by Peebles & Yu
(1970), and Kaiser (1983) included the effects of photon polariza-
tion, (see Weinberg (1971, 2008) for a detailed discussion). The
effect of Silk damping today is observed by CMB anisotropy ex-
periments (Larson et al. 2011; Reichardt et al. 2009; Keisler et al.
2011; Dunkley et al. 2011). This damping of small-scale perturba-
tions liberates energy stored as sound waves, transferring it to the
isotropic part of the radiation field, a process that does not pro-
ceed silently, but imprints spectral distortions of µ and y-type onto
the CMB. Observing these characteristic distortions is probably the
only way to constrain the initial power spectrum of perturbations in
a very broad range of scales which were completely erased due to
Silk damping in the radiation dominated era.
For the evolution of primordial perturbations two moments are
of great importance: the first is encountered when the energy den-
sity of radiation in the strongly interacting baryon-electron-photon
fluid (due to Thomson scattering) dropped below the energy den-
sity of baryonic matter. This occurs at zbγ ≃ 925, but the effects
of baryon loading on the plasma become important as early as
z ≃ 5000. The second moment is marked by the recombination
of hydrogen at zrec ≃ 1100 (Zeldovich et al. 1968; Peebles 1968;
Seager et al. 1999), when the mean free path of photons becomes
comparable to the horizon size. Before recombination, the pressure
c© 0000 RAS, MNRAS 000, 000–000
4 Chluba, Khatri and Sunyaev
is fully defined by the pressure of radiation, pγ = 0.9NγkTγ ≫
2NekTe ≃ pgas, because the specific entropy of our Universe (or the
ratio of photon to electron number density) is Nγ/Ne ≃ 1.6 × 109
with Te ≃ Tγ (e.g., Bennett et al. 2003; Larson et al. 2011). Re-
combination causes a huge drop in Jeans wavelength, at that point
solely defined by the pressure of baryonic gas, but much more im-
portantly the gravity of dark matter begins to play a major role.
2.2 Thermalization of spectral distortions and definition of
the blackbody surface
It is well known that the energy release in the early Universe causes
spectral distortions in the CMB spectrum (Zeldovich & Sunyaev
1969; Sunyaev & Zeldovich 1970c,d). Depending on the epoch at
which the energy release occurs and the total amount of energy,
the distortions partially thermalize under the combined action
of Compton scattering, double Compton and Bremsstrahlung
emission. The thermalization process has been studied in great
detail by several independent groups, both analytically and
numerically (Illarionov & Sunyaev 1975a,b; Danese & de Zotti
1982; Burigana et al. 1991a,b; Hu & Silk 1993a,b; Burigana et al.
1995; Burigana & Salvaterra 2003; Lamon & Durrer 2006;
Procopio & Burigana 2009; Chluba & Sunyaev 2012).
As mentioned above, hydrogen recombination at zrec ≃ 1100
defines the last scattering surface of photons in our Universe. How-
ever, there are additional, very important surfaces in the history of
our Universe: practically any significant perturbation of the pho-
ton spectrum due to energy release before z ≃ 2 × 106 is wiped
out by low frequency photon production because of double Comp-
ton emission and bremsstrahlung, supported by the comptonization
mechanism, which redistributes photons over frequency and shapes
the final blackbody spectrum. We refer to this surface as the black-
body surface. The second boundary around z ≃ 5 × 104 defines
the point at which, within a Hubble time, comptonization is un-
able to re-establish kinetic equilibrium between photons and elec-
trons, so that the photon distribution can no longer relax towards a
Bose-Einstein spectrum, with the µ-parameter defining the lack of
photons relative to blackbody spectrum of same temperature. This
redshift indicates the transition between the µ and y-era.
2.3 Mixing of blackbodies: energy and entropy arguments
A large part of this paper is devoted to considering thermal conduc-
tivity and viscosity in the radiation dominated fluid. Sound waves
in such a fluid decay as diffusion of photons leads to a mixture
of blackbodies with tiny but finite differences in temperature. It is
well known (Zeldovich et al. 1972) that a mixture of blackbodies
should lead to a y-type spectral distortion, which is rapidly con-
verted to µ-type distortions at z & 5 × 104. Let us consider the sum
of two blackbodies resulting from an anisotropy of the radiation
field, with temperatures T1 = T + δT and T2 = T − δT , assum-
ing δT ≪ T and keeping terms of order (δT/T )2. The average
temperature is clearly equal to T . If we mix these two blackbod-
ies, the resulting spectrum has an average energy density equal to
ρav = aR(T 41 +T 42 )/2 ≈ aRT 4[1+6(δT/T )2] > aRT 4, where aR is the
radiation constant, and aRT 4 is the energy density of a blackbody
at temperature T . Similarly, the average photon number density is
Nav = bR(T 31 + T 32 )/2 ≈ bRT 3[1 + 3(δT/T )2] > bRT 3, where bRT 3
gives the number density of photons for a blackbody of tempera-
ture T . Thus we can readily see that the resultant spectrum has a
larger energy and number density than a blackbody at the average
temperature of the original blackbodies.
On the other hand, we can determine the effective tempera-
ture of a blackbody with average number density Nav. It is given
by TBB = (Nav/bR)1/3 ≈ T [1 + (δT/T )2]. The energy density of
this blackbody is ρBB = aRT 4BB ≈ aRT 4[1 + 4(δT/T )2], which
is smaller than ρav. The excess energy density, ∆ρy|µ = ρav −
ρBB = aRT 4[2(δT/T )2] thus has to cause a spectral distortion. Ini-
tially this distortion is of y-type with y ≃ 14 (∆ρ/ρ) = 12 (δT/T )2
(Zeldovich & Sunyaev 1969), however, at high redshifts (z & 5 ×
104) this spectrum rapidly relaxes to a Bose-Einstein equilibrium
spectrum with chemical potential µ ≃ 1.4∆ρ/ρ = 2.8(δT/T )2
(Sunyaev & Zeldovich 1970c; Illarionov & Sunyaev 1975b). Thus
the resultant spectrum is not a blackbody, but has to be distorted.
The statements made here are proven below with the second
order Boltzmann equation. In particular, it turns out that at second
order, the first order temperature perturbations give rise to a source
function for the average photon field which has two contributions,
one related to a simple temperature shift, and a second which is a
y-distortion. The y-distortion does not change the number of pho-
tons, but does carry extra energy. The momentary energy density
of the source function is 4aRT 4(δT/T )2 for the temperature term,
and 2aRT 4(δT/T )2 for the y-distortion part. The ratio of these two
source terms implies that only 1/3 of the energy dissipated by the
mixing of blackbodies gives rise to a distortion, while the remain-
ing 2/3 only raises the average CMB temperature.
2.3.1 Generalizing to the CMB
Along the same lines, we can easily write down the correct expres-
sions for the average energy density of the CMB
ρ
temp
γ =
〈
aRT 4
〉
=
〈
aR ¯T 4(1 + Θ)4
〉
= ρpl( ¯T )
〈
1 + 4Θ + 6Θ2 + h.o.
〉
≈ ρpl( ¯T )
1 + 6
∞∑
l=0
(2l + 1)
〈
ˆΘ2l
〉 , (1)
with1 ρpl( ¯T ) = aR ¯T 4 denoting the energy density of a blackbody at
average temperature ¯T , which we have defined such that the aver-
age of the temperature perturbations, 〈Θ〉 = 〈∆T/T 〉 vanishes. The
last line was obtained using the Legendre-transform of the temper-
ature field (see Sect. 1.1 for definitions).
We will see below from the solution of the Boltzmann equa-
tion that at high redshifts we dissipate exactly the above amount of
total energy:
1
a4ργ
da4ργ
dt
≈ − d
dt
ρ
temp
γ
ρpl( ¯T )
= −6 d
dt
∞∑
l=0
(2l + 1)
〈
ˆΘ2l
〉
. (2)
The factors of the scale factor a = 1/(1 + z) arise since we only
need to take the comoving energy release into account. Similarly
we can write down the average number density in terms of black-
body number density at average temperature Npl( ¯T )
N tempγ ≈ Npl( ¯T )
1 + 3
∞∑
l=0
(2l + 1)
〈
ˆΘ2l
〉 , (3)
Again comparing with the energy density of a blackbody at tem-
perature TBB = (Nav/bR)1/3, we thus have a total energy release,
available for creation of distortions, given by−2 ddt
∑∞
l=0(2l+1)
〈
ˆΘ2l
〉
implying ddtµ = −2.8 ddt
∑∞
l=0(2l + 1)
〈
ˆΘ2l
〉
.
The outlined procedure also naturally divides a spectrum into
1 In the following subscript ‘pl’ refers to a Planckian photon distribution.
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a blackbody part corresponding to the number density of photons
and a spectral distortion part defined as pure redistribution of pho-
tons. Thus the total number density of photons,
∫
dx x2n(x), where
n(x) is the occupation number and x = hν/kT the dimensionless
frequency, is zero for the spectral distortion part of the spectrum2.
This definition also naturally separates out the evolution equation
for the spectral distortions from the full Boltzmann equation, as
will become clearer below.
2.3.2 Entropy production
In a similar manner we can understand how the specific entropy
of our Universe is affected by the dissipation of acoustic modes.
The average entropy density of the anisotropic blackbody radiation
is given by an expression similar to the average number density
above, since both have the same T 3-dependence on temperature for
a blackbody:
sinitialpl =
4
3 aR
〈
T 3
〉
=
4
3 aR
¯T 3
〈
(1 + Θ)3
〉
≈ spl( ¯T )
1 + 3
∞∑
l=0
(2l + 1)
〈
ˆΘ2l
〉 , (4)
with s¯pl = 4/3aR ¯T 3 denoting the entropy density of a blackbody at
average temperature ¯T . As shown in this work, 2/3 of the energy in
perturbations lead to an increase in the temperature of the average
blackbody by ∆T/T ≃ ∑∞l=0(2l+ 1) 〈 ˆΘ2l
〉
, resulting in an entropy of
the average blackbody sfinalpl ≡ sinitialpl . Thus, the final entropy in the
average blackbody part of the spectrum after decay of perturbations
is equal to the initial entropy in the temperature perturbations. The
remaining 1/3 of energy creates an average y-type distortion and
consequently results in net entropy production of
ds
dt
=
1
¯T
dQ
dt
≈ −2ργ
¯T
d
dt
∞∑
l=0
(2l + 1)
〈
ˆΘ2l
〉
. (5)
Thus only the pure y-type distortion part of the mixing of black-
bodies represents true entropy production and is the 1/3 observable
part of the energy released by dissipation of acoustic waves. The
change in the average temperature, accounting for the remaining
2/3 of the energy in sound waves, just transfers entropy from small-
scale perturbations to the average blackbody and is unobservable.
We should emphasize that the total number and energy of photons
is conserved in the mixing of blackbodies/dissipation of acoustic
waves but the destruction of regularity in the sound waves/photon
field configurations creates entropy.
2.3.3 Why is the estimate based on the classical formula for
energy in sound waves inapplicable here?
In fluid mechanics theory the energy density stored in the sound
waves is given by the simple formula
1
2
ρv2 +
1
2
ρc2s
(
δρ
ρ
)2
= ρv2 = ρc2s
(
δρ
ρ
)2
, (6)
where ρ is the average mass density in the fluid, v the fluid veloc-
ity, and the equalities are valid for the waves satisfying the rela-
tion v = csδρ/ρ. This formula (e.g., see Landau & Lifshitz 1987) is
2 We note that this condition is true for y-type distortions or the SZ effect
and that µ-type distortions (or any general distortion) can also be defined to
satisfy this condition (see Sect. 6.3).
valid only for massive (non-relativistic) particles. However, in ear-
lier estimates this expression was directly used for the relativistic
(massless) photon fluid (neglecting baryon loading) with c2s ≃ c2/3
and δρ/ρ ≃ 4(δT0/T0); this turns out to be too simplistic (see
Sect. 5.1 for explicit comparison and simple expressions).
In the radiation dominated plasma in the early Universe we
can consider sound waves on scales smaller than the Jeans length
(sound horizon) and larger than the mean free path of the pho-
tons. The baryon diffusion length is much smaller than the dif-
fusion length of photons and dissipation on small scales is there-
fore dominated by photon diffusion3. We calculate the energy in
sound waves by averaging the total energy density in radiation at
every point in space. For this we use the fact that when the dissipa-
tive length becomes comparable with the wavelength of the sound
wave, the photons from different part of the sound wave form a
mixture of photons belonging to blackbodies with different temper-
atures due to different degrees of compression in different phases
of the sound waves. As shown below, the computation of the total
energy in this perturbed photon field gives a value of energy den-
sity in the dissipated sound waves, which is 9/4 times higher than
the value given by Eq. (6) after replacing δρ/ρ (and ρ) by the per-
turbation in radiation energy density δργ/ργ (and ργ) as used by
Sunyaev & Zeldovich (1970a) and Hu et al. (1994a). The consider-
ations of Sunyaev & Zeldovich (1970a) and Hu et al. (1994a) also
did not allow to obtain the 2:1 ratio of the temperature to y-type
source terms mentioned above. Taking it into account we find that
the final observable amount of energy going to µ-distortions coinci-
dentally is equal to 3/4 of the value used by Sunyaev & Zeldovich
(1970a) and Hu et al. (1994a).
Sunyaev & Zeldovich (1970a) and Hu et al. (1994a) used
the non-relativistic formula in the form Qac ≃ ρc2s (δρ/ρ)2.
Zeldovich & Novikov (1983), on the other hand, based their es-
timate on the non-relativistic expression, Qac ≃ ρv2. These two
formulae, of course, are identical for the non-relativistic fluid, but
when generalizing to the relativistic plasma, the latter gives an ad-
ditional coefficient of 9/16 and is, thus, 4 times smaller than our
result. This factor is connected with the relation between the adia-
batic baryon and photon density perturbations, δρb/ρb = 34δργ/ργ.
These formulae can be compared with the dipole term in Eq. (1)
which is twice the Zeldovich & Novikov (1983) result.
Another problem of estimates based on Eq. (6) is also imme-
diately apparent: the dipole is a gauge-dependent quantity even on
small scales (for related discussion see Zibin & Scott 2008). But
the microphysics responsible for photon diffusion and damping of
small-scale perturbation is local and cannot depend on the choice of
reference frame. Furthermore, there is more to the CMB than just
the monopole and the dipole. In fact during the µ-era (z & 5× 104),
the main role in Silk damping and the resulting energy release and
spectral distortions is not played by the dipole but the quadrupole.
The dipole is affected only through coupling to the quadrupole via
the Boltzmann hierarchy, which before recombination in the elec-
tron rest frame is almost zero in the tight coupling limit. In addi-
tion, the simple estimate according to Eq. (6) (as well as the es-
timate, Eq. (2), put forward here) does not include the second or-
der Doppler effect which becomes important after recombination.
Addition of these terms makes the source function for the spectral
distortion gauge-independent, as we see below.
3 The baryon-electron component of the plasma, however, does in addition
transfer energy to the photon field through the second order Doppler effect
which we will find in the Compton collision term.
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3 BASICS OF THE PROBLEM
In this section we discuss some of the basic ingredients that are
required to formulate the cosmological thermalization problem in
different orders of perturbation theory. We reformulate part of the
statements made in the previous section using common language
related to spherical harmonics and perturbation theory. In partic-
ular we generalize to photon occupation number, rather than inte-
grated energy or number density. We also explain how electrons
up-scatter in the distorted radiation field, leading to local Compton
equilibrium between electrons and photons.
3.1 The local superposition of blackbodies and the
up-scattering of electrons
Before thinking in detail about spectral distortions and their evolu-
tion in the expanding Universe, let us assume that the photon dis-
tribution in every direction γˆ and at spatial position x is given by a
pure blackbody with temperature
T (t, x, γˆ) = Tav(t) [1 + Θ(t, x, γˆ)] .
Here Tav(t) is the spatially averaged global temperature of the pho-
ton field, and by definition one has 〈T 〉 = Tav and 〈Θ〉 = 0, where
〈...〉 denotes the spatial average4. Introducing the dimensionless fre-
quency xav = hν/kTav for Θ ≪ 1 we can then express the photon
occupation number, n(t, xav, x, γˆ), at each point by
n(t, xav, x, γˆ) = 1
exav/[1+Θ(t,x,γˆ)] − 1
≈ nPl(xav) + G(xav)
(
Θ + Θ2
)
+
1
2
YSZ(xav)Θ2. (7)
Here nPl(x) = 1/[ex−1] is the Planckian occupation number, and the
functions G and YSZ are defined in Appendix A. This expression
shows that to second order in Θ two contributions appear, one that
is equivalent to a temperature perturbation (∝ G) and the other has
a non-thermal, y-type spectral dependence (∝ YSZ).
Still, so far not much has happened. The second line of Eq. (7)
is an alternative way of approximating a blackbody with varying
temperature in different directions, but nothing more. If we now
compute multipoles of the photon distribution we have
nlm(t, xav, x) ≈
√
4πδl0δm0 nPl + G
(
Θlm +
[
Θ2
]
lm
)
+
1
2
YSZ [Θ2]lm.
The projection integral [...]lm essentially leads to a superposi-
tion of blackbodies with different temperatures. This superposi-
tion no longer is a pure blackbody (e.g., see Zeldovich et al. 1972;
Chluba & Sunyaev 2004): if we define the local mean tempera-
ture, ¯T (x) = Tav[1 + Θ0(x)], then naively one could have expected
n00(t, xav, x) ≡ n¯00(t, xav, x) with
n¯00(t, xav, x) =
√
4π nPl(xav/[1 + Θ0])
≈
√
4πnPl + G
(
Θ00 +
Θ200√
4π
)
+
1
2
YSZ
Θ200√
4π
for the monopole coefficient of the local spectrum. The first line is
just a blackbody of temperature ¯T . As before, the extra terms ∝ G
4 Below we define Tav with respect to the temperature fluctuations in first
order perturbation theory, i.e.,
〈
Θ(1)
〉
= 0 but generally
〈
Θ(i)
〉
, 0 for i > 1.
This is a normal consequence of the perturbative treatment of the problem
which also reflects the fact that to higher order in Θ the definition of tem-
perature becomes more convoluted.
and ∝ YSZ only appear when we express the spectrum of this black-
body with respect to a reference blackbody at different temperature,
nPl(xav). From Eq. (7), on the other hand we find
n00(t, xav, x) = n¯00(t, xav, x) + G(xav) y00 + 12YSZ(xav) y00 (8a)
y0 = y00Y00 =
∞∑
l=1
l∑
m=−l
|Θlm|2
4π
=
∞∑
l=1
(2l + 1) ˆΘ2l , (8b)
which has an extra temperature and distortion term. In the last
step for Eq. (8b) we also assumed that the temperature field is az-
imuthally symmetric about the z-axis. The extra G term in Eq.(8)
can be absorbed by additionally shifting the reference temperature
(see Sect. 3.1.2), however, it is impossible to absorb the last term,
which corresponds to a Compton y-distortion with y-parameter
y0/2 (Chluba & Sunyaev 2004). Electrons inside this averaged ra-
diation field are up-scattered, since y0 > 0 (see Sect. 3.1.3). This
leads to heating of the medium and evolution of the local spectrum
because of energy exchange between electrons and photons.
3.1.1 Simple estimate for the distortion of the CMB sky from the
superposition of blackbodies
The CMB temperature anisotropies today have a typical amplitude
Θlm ≃ 10−5 − 10−4 for l > 1 (Bennett et al. 2003), implying a tiny
average y-parameter y0 ≃ 10−10 − 10−9 (Chluba & Sunyaev 2004).
For an ensemble of universes one can write
〈y0〉 =
∞∑
l=1
[2l + 1]Cl
4π
, (9)
using the CMB temperature power spectrum, Cl, which in general
is a function of time. For a snapshot of the CMB today this implies
(excluding dipole) a y-type distortion with effective y-parameter
y = 〈y0〉 /2 ≈ 8×10−10, and an increase in monopole temperature of
〈y0〉×TCMB ≈ 1.6×10−9×TCMB = 4.4 nK, with the aforementioned
1 : 2 division of total energy due to superposition of blackbodies.
We used the output of Cmbfast (Seljak & Zaldarriaga 1996) for the
best fit cosmology of WMAP7 without running (Larson et al. 2011)
for this simple estimate. 70% of the contribution to 〈y0〉 is from
l & 70, where cosmic variance is already less important. However,
this uncertainty can be avoided using the observed CMB sky, as
explained below.
This simple estimate does not include the effect of energy re-
lease that occurred at high redshifts before recombination, e.g., be-
cause of acoustic damping. This implies that the spectrum in every
direction of the sky is already distorted by some small amount. It
turns out that this additional distortion is a few times larger, hav-
ing the characteristics of both µ and y-type distortion (see Sect. 6).
Also, the dipole anisotropy was neglected for the estimate, be-
ing a frame-dependent quantity related to the local peculiar ve-
locity with respect to the CMB. For our own rest frame with
βp ≈ 1.24 × 10−3 (Fixsen et al. 1996) we find a y-type distortion
of y ≈ β2p/6 ≈ 2.56 × 10−7 (Chluba & Sunyaev 2004). For a local
electron this motion-induced anisotropy implies a distortion which
leads to heating of electrons.
It is also important to mention that the distortion from the su-
perposition of blackbodies depends on the averaging procedure.
Indeed the average spectrum of the CMB is distorted by the su-
perposition of blackbodies, but by observing the CMB spectrum in
small patches and subtracting the main temperature anisotropy in
every direction one can in principle avoid the distortion caused by
this local superposition (Chluba & Sunyaev 2004). Alternatively,
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one can directly use the high resolution maps of the CMB temper-
ature anisotropies obtained, for example, with WMAP and knowl-
edge of the CMB dipole to predict the associated y-distortion with
very high accuracy. However, the dipole needs to be measured with
slightly higher precision to achieve the required accuracy at the
level y ≃ 10−10 − 10−9. Although for us, as observers, this sepa-
ration is possible, electrons inside the anisotropic radiation field, at
every time, are directly affected by the distortion from the superpo-
sition of blackbodies, as explained above.
3.1.2 Mean photon number and energy density
The terms ∝ G in Eq. (8) imply a larger mean number of photons
for the radiation field than expected just from using the mean tem-
perature ¯T = Tav[1+Θ0]. If we multiply Eq. (8) by x2av and integrate
over all frequencies and directions, we obtain
Nγ(x) = Nplγ ( ¯T )[1 + 3 y0], (10)
since
∫
x2avYSZ(xav) dxav = 0. Here Nplγ (T ) is the number density of
photons for a blackbody of temperature T . As we see, at second
order in Θ the number density of photons is increased.
The extra term ∝ G can in principle be absorbed by defining
the average effective temperature ¯T ∗ = Tav[1+Θ0 + y0]. This prac-
tically does not alter the distortion part, which is a consequence of
the superposition of blackbodies: with this redefinition one finds
Nγ(x) ≡ Nplγ ( ¯T ∗) and
n00(t, xav, x) =
√
4π nPl(xav/[1 + Θ0 + y0]) + 12YSZ(xav) y
∗
00 (11a)
y∗0 = y
∗
00Y00 = y0 − (2Θ0y0 + y20) ≈ y0, (11b)
showing that the y-type part is affected at the level y20 ≈ 0. Also by
introducing x¯∗ = xav/[1 + Θ0 + y0] we can alternatively write
n00(t, x¯∗, x) ≈
√
4π nPl(x¯∗) + 12YSZ(x¯
∗) y00, (12)
since once the linear terms are gone every other shift in the ref-
erence temperature enters at higher order (see Chluba & Sunyaev
2004, for more details on higher order terms).
With this definition we can also compute the energy density of
the photon field. Multiplying Eq. (12) by (x¯∗)3 and integrating over
all dx¯∗ yields
ργ(x) = ρpl( ¯T ∗)[1 + 2 y0] ≈ ρpl( ¯T )[1 + 6 y0], (13)
where ρpl(T ) is the energy density of a blackbody at temperature
T . Again this formula shows that the average energy density of
the photon field is not just defined by ¯T , but is larger by about
∆ργ/ρpl( ¯T ) ≈ 6 y0, with ∆ργ/ρpl( ¯T ) ≈ 2 y0 of this additional energy
density contributed by the y-distortion, while ∆ργ/ρpl( ¯T ) ≈ 4 y0
is caused by the average increase of the temperature term, ∝ G.
This already indicates the 1/3 to 2/3 separation of source terms in
the second order perturbation problem, however, we give a more
rigorous argument below (Sect. 4.3.2).
It is important to emphasize that the local monopole of the
temperature field does not play any role for the distortion caused
by a superposition of blackbodies. If no anisotropies in the pho-
ton temperature are present then naturally no distortion arises.
At high redshifts, the temperature field only has spatially vary-
ing monopole, dipole and quadrupole, while the other multipoles
can normally be neglected, being strongly suppressed by Thom-
son scattering (Sunyaev & Zeldovich 1970b). This means that lo-
cally the main sources of distortions are the dipolar and quadrupo-
lar temperature anisotropies on different scales. Also it is clear that
in the presence of peculiar motions, velocity-dependent terms ap-
pear from the Lorentz transformation to the local rest frame of the
baryon-electron fluid.
We furthermore mention that for the (ensemble) averaged to-
tal energy density of the CMB the variation of the monopole does
matter: with Eq. (13) we can write
〈
ργ
〉
= ρpl(Tav)[1+ 6
〈
Θ20 + y0
〉
].
The monopole therefore does play a role for the spatial average of
blackbodies with different temperatures, however, taking the time
derivative of this expression the monopole terms cancel, being un-
affected by Thomson scattering events (see Sect. 4.3).
3.1.3 Compton equilibrium temperature from the superposition
One can also directly compute the Compton equilibrium temper-
ature, T C,eqe , for electrons in the distorted radiation field given by
Eq. (12). With (Zeldovich & Levich 1969)
T C,eqe =
h
∫
ν4n0(1 + n0) dν
4k
∫
ν3n0 dν
we obtain
T C,eqe ≈ ¯T ∗
[
1 +
(
10π2
21
− 2
)
y0
]
≈ Tav [1 + Θ0 + 3.70 y0] . (14)
This expression shows that electrons attain a temperature that is
slightly higher than ¯T ∗ = Tav[1 + Θ0 + y0]. Consequently, also
the baryons heat up because of Coulomb scattering with electrons.
Comptonization causes CMB photons to down-scatter, thermaliz-
ing y-type distortions into µ-type distortions, while at low frequen-
cies Bremsstrahlung and the double Compton process lead to pho-
ton production. The interaction of electrons with the anisotropic
photon field is one of the real sources of distortions which is active
throughout the whole history of the Universe and cannot be avoided
by changing the observing strategy.
3.2 Multipole expansion of the distorted occupation number
In addition to the variations of the temperature, we now allow for
a small spectral distortion, ∆n(t, xav, x, γˆ), to the photon occupation
number in different directions. Here it is assumed that ∆n excludes
distortions caused by the instantaneous superposition of different
blackbodies but may have contribution from the superposition of
blackbodies at earlier times. Its spherical harmonic coefficients can
be expressed as
∆nlm ≡
√
4πδl0δm0 ∆nav + ∆ns,lm, (15)
where ∆nav defines the possible spectral distortion of the globally
averaged spectrum, nav = nPl + ∆nav, which has no spatial depen-
dence, while ∆ns,lm is the spherical harmonic coefficient of the spa-
tially varying distortion. Adding this term to Eq. (7) and using5
Θ ≈ Θ(1) + Θ(2), the spherical harmonic coefficients for the photon
occupation number in different perturbation orders are
n
(0)
lm (t, xav, x) ≈
√
4πδl0δm0
[
nPl(xav) + ∆n(0)av (xav)
]
(16a)
n
(1)
lm (t, xav, x) ≈
√
4πδl0δm0 ∆n(1)av + ∆n
(1)
s,lm + GΘ(1)lm (16b)
n
(2)
lm (t, xav, x) ≈
√
4πδl0δm0 ∆n(2)av + ∆n
(2)
s,lm
+ G
[
Θ(2) + (Θ(1))2
]
lm
+
1
2
YSZ [(Θ(1))2]lm. (16c)
5 There is no term Θ(0) as per definition in zeroth order perturbation theory
Θ(0) ≡ 0, since there are no spatial variations.
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In zeroth order perturbation theory one can describe the evolution
of the globally averaged spectrum if some energy release is present.
This problem is briefly discussed in Sect. 4.1 and was also recently
studied in detail by Chluba & Sunyaev (2012) for several thermal
histories of the Universe. In first order perturbation theory it is pos-
sible to describe the co-evolution of temperature and spectral per-
turbations. If in zeroth order perturbation no spectral distortions
are produced then mainly temperature perturbations appear, how-
ever if ∆n(0)av , 0 then also small spatial-spectral distortions arise,
as we explain in Sect. 4.2. Finally, second order perturbation the-
ory allows us to describe additional modifications of temperature
perturbations as well as corrections to spectral distortions. In the
present work we are not interested in corrections to the lower order
solutions, but rather want to work out how on average the superpo-
sition of blackbodies and the motion of the baryonic matter affect
the CMB spectrum. This problem is discussed in detail in Sect. 4.3.
3.2.1 Choice of the reference temperature
To write down the expansions Eq. (16) we have to define a global
reference blackbody, which we chose to be nPl(xav). In general (e.g.,
with uniform energy release) Tav does not scale linearly with red-
shift. However, when writing down the photon Boltzmann equation
it is useful to absorb the effect of the Hubble expansion on the pho-
ton occupation number by introducing the dimensionless frequency
xγ = hν/kTz , where Tz = Tref[1+ z] with constant temperature Tref ,
which defines a uniform reference blackbody. Naturally, one might
say Tref = Tav(z = 0) ≈ TCMB = 2.726 K according to the measure-
ment of COBE/FIRAS (Fixsen 2009), however, because of cosmic
variance our local value of the monopole is generally not equal to
Tav(z = 0). In addition, in the presence of energy release the effec-
tive temperature of the CMB increases with time, since part of the
released energy fully thermalizes, just leading to entropy produc-
tion, without causing distortions. The increase in the total energy
density of the CMB has to be taken into account when defining
Tref, and also matters when interpreting the results of the computa-
tion (Sect. 6.3).
Here we define Tref at the initial redshift, where the energy
release starts, such that after the energy release is completed the ef-
fective temperature of the spectrum is equal to TCMB. As explained
in Chluba & Sunyaev (2012) this means that Tref < TCMB and the
difference depends on the total energy that is released (see Sect. 6).
Although in general TCMB , Tav(z = 0) this does not introduce any
significant difference for the final distortion.
4 PERTURBING THE PHOTON BOLTZMANN
EQUATION
In this section we obtain the evolution equations describing the cos-
mological thermalization problem in different perturbations orders.
Basic introduction on the photon Boltzmann equation in the ex-
panding medium can be found in de Groot et al. (1980), Bernstein
(1988), and Dodelson (2003). Since we account for deviations from
the blackbody spectrum we start with the zeroth order equation and
then subsequently generalize keeping all terms that are needed in
the end. The zeroth order equations describe the standard thermal-
ization problem (see Sect. 2.2) when spatially uniform energy re-
lease is present. In first order perturbation theory one mainly ob-
tains temperature perturbations if no zeroth order distortions were
present, however, small spatial-spectral distortions with zero mean
are created even in this case, although they are suppressed by a fac-
tor ≃ kTz/mec2 compared to first order temperature perturbations.
Second order perturbation theory is needed to describe the dissi-
pation of acoustic modes in the early Universe. For notation and
different definitions of functions we refer the reader to the Appen-
dices. However, as far as possible we define quantities once they
appear in the text.
4.1 Zeroth order equation
We can write the Boltzmann equation in zeroth order, neglecting
any perturbations of the stress-energy tensor or metric. Since the
spectrum of the global reference blackbody is not affected by the
expansion of the Universe (in any order), and since we ignore spa-
tial variations in zeroth order, using Eq. (16a) we only have
∂t∆n
(0)
av = C(0)th [n(0)av ]. (17a)
with n(0)av = nPl + ∆n(0)av . The collision term, C(0)th [n(0)av ], just
has the normal contributions arising in the thermalization prob-
lem of global CMB spectral distortions, which vanish identi-
cally if thermal equilibrium between radiation and matter is never
perturbed6. For the homogeneous Universe without anisotropies
in the radiation field we have (Sunyaev & Zeldovich 1970c;
Illarionov & Sunyaev 1975b; Burigana et al. 1991b; Hu & Silk
1993b; Chluba & Sunyaev 2012)
τ˙−1 Cth[n(0)av ] =
θe,av
x2γ
∂xγ x
4
γ
{
∂xγn
(0)
av +
Tz
Te,av
n(0)av [1 + n(0)av ]
}
+
K(xγ, θe,av)
x3γ
{
1 − n(0)av [exe − 1]
}
(17b)
where τ˙ = N(0)e σT c is the time derivative of the Thomson optical
depth, θe = kTe/mec2, and K(xγ, θe,av) is the emission coefficient
of thermal Bremsstrahlung (BR) and double Compton emission
(DC). For the BR coefficients accurate fitting formulae are given by
Nozawa et al. (1998b) and Itoh et al. (2000), while for DC we fol-
low the approach of Chluba et al. (2007). In addition to Eq. (17a)
one has to solve for the temperature, Te, of the electrons, which
because of heating or cooling processes could be pushed away
from the radiation temperature. As in principle non-uniform heat-
ing could be possible here we defined the average, spatially uniform
electron temperature θe,av = θ(0)e .
For Eq. (17b), we assumed that there is no additional source of
photons other than BR and DC. Detailed calculations of the parti-
cle cascade caused by energy release in the form of decaying or
annihilating relic particles (e.g., Slatyer et al. 2009) could allow
the inclusion of additional processes that lead to photon produc-
tion. However, usually the primary photons are emitted at energies
hν ≫ kTγ and in addition the total number of photons produced
directly is expected to be much smaller than those created by BR
and DC. We leave a more detailed discussion for future work.
The first term in curly bracket describes the repeated scatter-
ing of photons by thermal electrons, while the second accounts
for photon emission and absorption by Bremsstrahlung and dou-
ble Compton scattering. Assuming that no energy release occurs,
it is clear that the cooling of baryonic matter leads to a distor-
tion ∆n(0)s /nPl . 10−9 − 10−8 (Chluba & Sunyaev 2012; Khatri et al.
6 Even in the case of no global energy release the adiabatic cooling of bary-
onic matter continuously extracts some small amount of energy from the
CMB, which inevitably results in some small spectral distortions (Chluba
2005; Chluba & Sunyaev 2012; Khatri et al. 2012).
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2012). Furthermore, the cosmological recombination process in-
troduces an average distortion ∆ns/nPl ≃ 10−9, which reaches
∆ns/nPl ≃ 10−7 at low frequencies (e.g., Chluba & Sunyaev 2006b).
In both cases, spatial-spectral distortions are . 10−14 − 10−12, and
we shall neglect those below. However, current constraints from
COBE/FIRAS (Fixsen et al. 2011) still allow ∆ns/nPl ≃ 10−5,
which could be produced by global energy release in the early
Universe (Sunyaev & Zeldovich 1970c). In this situation spatial-
spectral variations could be expected at a level ≃ 10−5−10−4 relative
to the uniform spectral distortion. This appears to be of the same or-
der of magnitude as the uniform distortion caused by the dissipation
of acoustic modes in the early Universe, and hence is considered
more carefully below. Also for a uniform initial distortion corre-
sponding to the COBE upper bound the first order spatial-spectral
distortions created during recombination are about two orders of
magnitude larger than the spatial-spectral variations recently dis-
cussed by (Pitrou et al. 2010).
4.1.1 Source of distortion
To understand slightly better what is the source of the distortions let
us explicitly insert n(0)av = nPl + ∆n(0)av into the zeroth order equation,
Eq. (17b), and carry out the perturbative expansion:
τ˙−1 C(0)th [nav] ≈ [θe,av − θz]YSZ −
θe,av − θz
θz
K(xγ, θz)
x3γ
(1 − exγ )G
+
θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n
(0)
av + ∆n
(0)
av [1 + 2nPl]
}
+ ∆n(0)av
K(xγ, θz)
x3γ
[1 − exγ ], (18)
where we used x−2γ ∂xγ x4γ∂xγnPl ≡ YSZ. The first two terms only ap-
pear when Te,av , Tz. These are the real source of distortions, while
the other two just describe additional redistribution of photons and
absorption/emission. We linearized the induced scattering process,
as terms (∆n(0)av )2 are of higher order. For small τ only the first two
terms in Eq. (18) matter, however, at sufficiently small xγ even for
τ ≪ 1 the last term has to also be taken into account, because the
efficiency of photon absorption/emission increases as 1/x3γ.
4.1.2 Increase of specific entropy and photon production
Integrating the Boltzmann equation, Eq. (17a), over x2γ dxγ d2γˆ one
can compute the net production of photons. For convenience we
define the integrals
G(i)k =
∫
xkγn
(i)
0 dxγ (19a)
∆G(i)k =
∫
xkγ∆n
(i)
0 dxγ (19b)
∆I(i)k =
∫
xkγ∆n
(i)
0 (1 + 2nPl) dxγ. (19c)
Here ∆n(i)0 = ∆n
(i)
av + ∆n
(i)
s,0, and n
(i)
0 is simply the total monopole
of the occupation number. We also sometimes use Gplk , which just
means that n(i)0 ≡ nPl is assumed.
Since Compton scattering conserves photon number, by inte-
grating Eq. (17a) over x2 dx, we find
∂∆N(0)γ
∂τ
≈ N
pl
γ
Gpl2
∫
K(xγ, θz) [1 − nav(exe − 1)] d ln xγ, (20)
where Nplγ is the number density of photon for a blackbody of tem-
perature Tz and Gpl2 =
∫
x2γnPl(xγ) dxγ ≈ 2.404. Emission and ab-
sorption can increase or decrease the number of photons. If the
photon distribution has a Planckian spectrum then the number and
energy density are both described by one temperature, however, if
spectral distortions are present the effective temperatures for the
number and energy density differ from each other. In this situation
the radiation temperature can no longer be uniquely defined.
4.1.3 Change in the photon energy density and energy exchange
with baryonic matter
The electron temperature depends critically on the energy exchange
with the CMB photon field. Also BR and DC emission contribute
to the total energy balance, but these terms can usually be neglected
(Chluba & Sunyaev 2012). Multiplying Eq. (18) by x3γ and integrat-
ing over dxγ and the directions of the scattered photons we obtain
the net change in the energy density of the photon field
∂ρ(0)γ
∂τ
≈ 4ρplγ [ρ(0)e − ρeq,(0)e ] (21a)
ρ
eq,(0)
e = 1 +
∆I(0)4
4Gpl3
− ∆G
(0)
3
Gpl3
, (21b)
where ρplγ ∝ Gpl3 is the energy density of the distorted CMB black-
body photon field and ρ(i)e = T (i)e /Tz defines the ratio of electron
temperature to Tz. We neglected the additional term caused by pho-
ton emission and absorption.
This equation shows that if the temperature of the electrons
(plus baryons) differs from Tz then the number and energy den-
sity of the photon field can change. For global heating one usually
expects Te > Tz so that the energy density of the photon field in-
creases by a small amount and the matter is cooled by the Compton
interaction. Equation (21) therefore implies the zeroth order Comp-
ton cooling term for the matter (Te ≈ Tm because of fast Coulomb
interactions)
∂ρ(0)e
∂τ
∣∣∣∣∣∣
θe
≈ 4ρ˜
pl
γ
αh
[ρeq,(0)e − ρ(0)e ], (22a)
where ρ˜plγ = ρplγ /mec2 is the energy density of the distorted CMB
blackbody photon field in units of the electron rest mass energy and
kαh is the heat capacity of baryonic matter (electrons plus baryons).
As we show below, higher order corrections to the Compton
cooling process can all be brought into the same form, however,
the expressions for the corrections to the equilibrium temperature
ratio, ρeq,(i)e , differ. Also, in the case of no energy release it is clear
that ρeq,(0)e ≈ 1, although the adiabatic cooling of normal mat-
ter does lead to a very small distortion itself (Chluba & Sunyaev
2012), which we can safely neglect in first order perturbation the-
ory. Note that with global energy release ρeq,(0)e differs from unity at
the level of ≃ ∆n(0)s .
4.2 First order equation with spectral distortions
In first order perturbation theory two types of equations are ob-
tained. One describes changes in the photon field that can be in-
terpreted as temperature perturbations, for which the spectral de-
pendence is G(xγ). The other equation describes the evolution of
spatial-spectral distortions which initially start as y-type distor-
tions. If no spectral distortion is produced at zeroth order, usually
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only the temperature perturbations have to be evolved. However, al-
lowing the possibility of global energy release, one already in first
order perturbation theory introduces spatial-spectral contributions
to the CMB spectrum, as we discuss below.
We shall limit our discussion of the first order equations to
the basic aspects, as a general solution of the problem is more de-
manding. However, one of the main results of this section is that
in first order perturbation theory no average distortion is created.
This greatly simplifies the consideration for the average distortion
created by the dissipation of acoustic modes in second order per-
turbation theory (see Sect. 4.3).
Using the dimensionless frequency, xγ = hν/kTz, it is clear
that the total derivative of the photon occupation number with re-
spect to time up to first order perturbation theory has the form (e.g.,
see Hu & White 1996; Dodelson 2003)
∂tn
(1) +
γˆi
a
∂xi n
(1) − xγ∂xγ n(0)
[
∂tφ
(1) +
γˆi
a
∂xiψ
(1)
]
= C(1)[n], (23)
where a is the usual scale factor, φ and ψ are potential perturbations,
and C[n] denotes the collision term. Inserting Eq. (16b) for the pho-
ton occupation number and grouping terms corresponding to the
usual thermal perturbations (∝ G) and those of the non-thermal
parts we find (for detailed derivation see Appendix C):
∂tΘ
(1) +
γˆi
a
∂xiΘ
(1) = −
[
∂tφ
(1) +
γˆi
a
∂xiψ
(1)
]
+ ˜C(1)T [nbb] (24a)
∂t∆n
(1)
s +
γˆi
a
∂xi∆n
(1)
s = −
[
∂tφ
(1) +
γˆi
a
∂xiψ
(1)
]
T
+ C(1)T [∆ns] + C(1)th [n] (24b)
τ˙−1 ˜C(1)T [nbb] = Θ(1)0 − Θ(1) +
1
10Θ
(1)
2 + βpµp (24c)
τ˙−1C(1)T [∆ns] =∆n(1)s,0 − ∆n(1)s +
1
10∆n
(1)
s,2 + βpµpT , (24d)
with µp = ˆβp · γˆ and T (xγ) = −xγ∂xγ∆n(0)av . Equation (24a) with
Eq. (24c) is just the familiar evolution equation for the brightness
temperature of the radiation field (Hu et al. 1994b). The direction
of the bulk velocity has been aligned with the z-axis, since in first
order perturbation theory the k vector of the different modes in
Fourier space is parallel to βp. This choice of coordinates therefore
simplifies the analysis significantly.
Here one comment should be made immediately. When writ-
ing Eq. (24) we directly omitted ∆n(1)av . It turns out that on average
no additional distortion is created, if we ignore the small correction
∝ (∆n(0)av )2. This is because all the source terms that we discuss be-
low have zero mean. As we see in second order perturbation theory
this is no longer the case.
In addition, we mention that when writing down the equa-
tions (24) we separated spectral from temperature perturbations
knowing that first order spectral distortions are several orders of
magnitude smaller than the temperature perturbations themselves.
This means that one can first solve for the first order temperature
perturbations and then discuss the spectral distortion part. A more
rigorous argument can be given by integrating the Boltzmann equa-
tion over frequency. The Thomson scattering terms all have spectral
dependence ∝ G resulting in
∫
Gx2γ dxγ = 3Gpl2 , while the frequency
integral over all scattering terms with energy exchange vanishes
(see Appendix C for detailed explanations). Then only the BR and
DC emission terms are left in addition to the Thomson scattering
terms. However the former two lead to very small corrections, so
that Eq. (24a) follows.
If we ignore the term C(1)th [n] for a moment, then we can see
that the equation for the temperature perturbations looks rather sim-
ilar to the one for the spectral distortions. The only difference is
that the sources of spatial-spectral distortions have the frequency-
dependence T (t, xγ), where this source function is also an ex-
plicit function of time. This introduces another modulation of the
anisotropies in the distortions in addition to the normal Thomson
visibility function: as long as T ≃ 0 no spatial-spectral distortions
arise, and only temperature perturbations appear in first order per-
turbation theory. If energy release occurs well before last scatter-
ing then the spatial-spectral distortions should have very similar
statistics to those of the temperature perturbations. If energy re-
lease occurs well after last scattering, only those parts of the evolu-
tion of perturbations happening afterward matter. This implies that
the time-dependence of the energy release introduces another pos-
sibility to slice the Thomson visibility function at different epochs.
This is particularly interesting when energy is released during the
hydrogen recombination epoch, where most of the CMB temper-
ature anisotropies are formed. A more detailed discussion of this
aspect of the problem is beyond the scope of this work.
4.2.1 Local change of the specific entropy
Integrating the Boltzmann equation, Eq. (23), over x2γ dxγ d2γˆ one
can compute the net change in the local number of photons. Since
scattering conserves photon number one has
∂N(1)γ
∂τ
≈ −a−1τ˙−1∂zN(1)γ,1 − 3N(0)γ
∂φ(1)
∂τ
+
∂N(1)γ
∂τ
∣∣∣∣∣∣∣
e/a
, (25)
where N(i)γ = Nplγ G(i)2 /Gpl2 denotes the photon number density in dif-
ferent orders, and N(i)
γ,1 = (Nplγ /Gpl2 )
∫
x2γ nˆ
(i)
1 (xγ) dxγ with the Leg-
endre transforms nˆ(i)l (xγ) = 12
∫
n(i)(µ, xγ) Pl(µ) dµ. Here we used
the fact that in first order perturbation theory the photon field is az-
imuthally symmetric around the z-axis ‖ βp. The effect of photon
emission and absorption is captured by the last term in Eq. (25),
which can be calculated with Eq. (D2). However, it is a small cor-
rection in comparison to the other two contributions and can usually
be neglected. This implies that local changes in the photon number
are dominated by the flows of photons and potential perturbations.
On average there is no photon production in first order perturbation
theory. This statement is also correct when additional emission and
absorption terms are included, as everything only depends linearly
on perturbations in the medium.
4.2.2 First order thermalization term
Let us now consider the perturbed thermalization term, C(1)th [n]. The
first obvious contribution is related to the spatial variation in the
electron density and temperature
δC(0)th [nav] ≈ N(1)e ∂NeC(0)th [nav] + θ(1)e ∂θeC(0)th [nav]. (26)
This term only matters if already in zeroth order some signifi-
cant (in our metric ∆n/n ≃ 10−5) distortion is created. Pertur-
bations in the electron density are directly related to perturba-
tions in the baryon density (N(1)e ∝ 5ρ(1)b during recombination
Khatri & Wandelt 2009), and because of the Compton process elec-
tron temperature perturbations are identical to photon temperature
perturbations, until low redshifts, where the energy exchange be-
tween electrons and photons becomes inefficient. The electron den-
sity variations lead to spatially varying thermalization efficiency,
c© 0000 RAS, MNRAS 000, 000–000
Acoustic Damping 11
while one expects the electron temperature perturbations to be prac-
tically canceled by corresponding terms with photon temperature
perturbations of the monopole (see below).
The remaining contributions to C(1)th [n] are more complicated.
For Compton scattering of an anisotropic radiation field we found
the first order perturbed terms in Appendix C, while an approximate
treatment for BR and the DC process in first order perturbation
theory is given in Appendix D.
Inserting n(1) ≈ ∆n(1)s + GΘ(1) into the first order collision in-
tegral for Compton scattering, Eq. (C47), and collecting terms that
are independent of distortions we find
C(1)th,Θ[n] ≈ ∆T (0)e
[
¯Θg + βpµp
]
DxγG +
[
θ(1)e − θz ¯Θg
]
YSZ
+ ∆T (0)e
[
N(1)e
N(0)e
− βpµp
]
YSZ + 2θz GB
[
Θg − ¯Θg
]
, (27a)
where ∆T (0)e = θe,av − θz and
¯Θg = Θ
(1)
0 −
2
5
[
Θ
(1)
1 − βpµp
]
+
1
10Θ
(1)
2 −
3
70Θ
(1)
3 . (27b)
Also, in Θg one has to replace the dipolar temperature term by
Θ
(1)
1 −βpµp. Furthermore, we used ∂xγG+G[1+2nPl] = −∂xγnPl and
defined Dxγ = x−2γ ∂xγ x4γ ∂xγ , B = xγ[A−G] and A = 1+ 2nPl. The
first and third term in Eq. (27a) are only present if in zeroth order
perturbation theory spectral distortions are present, since otherwise
∆T (0)e ≈ 0. We also see that temperature dipole terms only appear
as Θ
g
1 = Θ
(1)
1 − βpµp, which is gauge-independent.
Those contributions involving spectral distortions are
C(1)th,∆n[n] ≈
θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n¯
g
s + ∆n¯
g
sA
}
+
[
N(1)e
N(0)e
− 2βpµp
]
θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n
(0)
av + ∆n
(0)
av A
}
+ [θ(1)e + βpµp]Dxγ∆n(0)av + 2θzB
[
∆n
g
s − ∆n¯gs
]
+ βpµp
θz
x2γ
∂xγ x
4
γ
{
∂xγT + TA
}
, (27c)
with T = −xγ∂xγ∆n(0)av and where we introduced
∆n¯
g
s = ∆n
(1)
s,0 −
2
5
[
∆n
(1)
s,1 − βpµpT
]
+
1
10∆n
(1)
s,2 −
3
70∆n
(1)
s,3 . (28)
In addition, the dipolar spectral distortion term in ∆ngs has to be
replaced by ∆n(1)
s,1 − βpµpT .
An approximate first order expression for BR and DC emis-
sion and absorption is given by Eq. (D2), resulting in:
C(1)th,e/a[n] ≈
[(
2 − xγ∂xγ ln K
)
βpµp + θ
(1)
e ∂θe ln K
]
C(0)th,e/a[n]
+
K
x3γ
(1 − exγ )
[
∆n
(1)
s,0 + Θ
(1)
0 G + βpµp(G + T )
]
+
K
x2γ
n
(0)
0 ϕ
(0)
(
θ
(1)
e
θ
(0)
e
+ βpµp
)
exγ , (29)
where C(0)th,e/a[n] is the zeroth order emission and absorption term.
For Eq. (27c) we neglected the (∆n(0)av )2 term because of in-
duced scattering, as this only provides a small additional spatially
uniform correction to the zeroth order distortion. We furthermore
omitted terms ∝ ∆n¯(0)av ∆n¯(1)s , which are of order ∆n/n ≃ 10−15. We
also approximated 1 + 2n(0)0 + xγ∂xγn
(0)
0 ≈ A − G. As explained in
Appendix C, we dropped terms ∝ θe,avΘ(1)lmG and ∝ θe,av∆n¯(1)s , which
appear as small temperature corrections to the scattering cross sec-
tion of the dipole, quadrupole and octupole in Eq. (C19).
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Figure 1. Comparison of different source functions for spectral distortions
according to Eq. (27a). GB arises because of the recoil effect and the first
order Klein-Nishina correction, while DxG describes the effect of Doppler
broadening and boosting on temperature perturbations.
Looking at Eq. (27a) we can see that the first two terms are
related to the effect of the Kompaneets operator on the background
spectrum. In zeroth order we had DxγnPl = YSZ, however, nPl
is now replaced by Θ(1)G, but since the diffusion operator only
couples to monopole, dipole, quadrupole and octupole (see Ap-
pendix C20b), one is left with ≃ ¯Θ(1). Gauge-dependent correc-
tions are given by ∝ βpµp. The last term in Eq. (27a) is caused by
the recoil effect (including stimulated recoil) and first order Klein-
Nishina corrections to the Compton cross section. We can identify
similar terms in Eq. (27c).
At this point it is worth mentioning that if no distortions are
present at zeroth order, then Eq. (27a) still leads to distortions be-
cause of recoil once temperature perturbations in the photon fluid
start appearing. However, these distortions are suppressed by θz and
only appear for l > 0. Also the gauge-dependent terms start caus-
ing the dipolar part of the spectrum to deviate from full equilibrium
once bulk flows are important. The spectral dependence of the cor-
responding source terms is not just of y-type. To illustrate the differ-
ences in Fig. 1 we present a comparison of the source functions ap-
pearing in Eq. (27a). Both GB and DxγG tend to be slightly larger
than YSZ. We find that rescaling GB by a factor ≃ 1/3 and DxγG
by ≃ 1/4 makes the height of the maxima comparable to YSZ.
One of the interesting aspects of the thermalization prob-
lem with spatial-spectral anisotropies is that the monopole, dipole,
quadrupole and octupole have different effective y-parameters. If
we define yγ = c
∫
θzσTNe dt, then because α1 = −2/5 the effec-
tive y-parameter for the dipole is 0.4 smaller than for the monopole
and has opposite sign. This means that if photons of the monopole
are up-scattering, those in the dipole distortion are down-scattering.
Similarly, for the quadrupole we have α2 = 1/10, which implies
that when yγ ≃ 10 in the monopole, it is only about yγ ≃ 1 for the
quadrupole. This suggests that the redistribution of photons in the
quadrupole distortion is significantly slower than in the monopole.
For the octupole we have α3 = −3/70, so that the amplitude of the
effective y-parameter is only about 4% of the one in the monopole,
again with opposite sign like for the dipole. These peculiar aspects
of the scattering problem could lead to interesting differences in
the types of distortions in the monopole, dipole, quadrupole and
octupole, which we plan to investigate in future work. However,
for the main problem of interest here this is not relevant.
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4.2.3 Energy exchange term with baryonic matter
Multiplying Eq. (27) by x3γ and integrating over xγ and the direc-
tions of the scattered photons the velocity-dependent terms drop
out and we are left with
∂ρ(1)e
∂τ
∣∣∣∣∣∣
θe
≈ 4ρ˜
pl
γ
αh
[ρeq,(1)e − ρ(1)e ] (30a)
ρ
eq,(1)
e ≈ Θ(1)0 +
∆I(1)4
4Gpl3
− ∆G
(1)
3
Gpl3
+ [ρeq,(0)e − ρ(0)e ]
N(1)e
N(0)e
(30b)
for the energy exchange term between electrons and photons. As-
suming quasi-stationarity from this, one can directly deduce the
solution θ(1)e ≈ θz ρeq,(1)e for the electron temperature in first order
perturbation theory (see Sect. C1.1 for explanation).
However, in general one should allow for a spatially varying
energy release term in the electron temperature equation, which
could directly source spatial variations in the CMB spectrum. The
statistics of these spatial-spectral variations are determined by the
statistics of the energy release process, which, if associated with
non-linear perturbations, could be non-Gaussian. For example, the
efficiency of energy release by annihilating particles scales as N2χ
with the annihilating particle number density, Nχ. If these particles
are non-baryonic the growth of density perturbation could lead to
small-scale fluctuations in the energy release even at early times.
4.2.4 Evolution with vanishing zeroth order distortions
If we assume that in zeroth order no significant distortion is pro-
duced then from Eq. (27) and (29) with θe,av ≈ θz and ∆n(0)av = 0 we
find the first order thermalization term
C(1)th [n] ≈
θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n¯
g
s + ∆n¯
g
sA
}
+
[
θ(1)e − θz ¯Θg
]
YSZ
+ 2θzB
{
G
[
Θg − ¯Θg
]
+ ∆n
g
s − ∆n¯gs
}
− K
x3γ
(exγ − 1)
[
∆n
(1)
s,0 + G
(
Θ
(1)
0 −
θ
(1)
e
θz
)]
, (31a)
θ(1)e ≈ θz
Θ(1)0 + ∆I
(1)
4
4G(0)3
− ∆G
(1)
3
G(0)3
 . (31b)
Here we have still included first order spectral distortions, however,
it turns out that at least for the monopole there is no direct source
of non-thermal distortions arising from the collision term. This can
be seen by projecting the above expression onto Y00 and realizing
that θ(1)e ≈ θzΘ(1)0 if initially ∆n(1)s,0 = 0. Then only the monopole
part of the diffusion term remains, but no source of distortions.
However, dipole, quadrupole and octupole do have non-vanishing
source terms. These can lead to distortions also for the monopole
part once photons start mixing (see below).
If no distortions are present in zeroth order, the overall evolu-
tion equation for the spectral distortion part reads
∂τ∆n
(1)
s +
γˆi
aτ˙
∂xi∆n
(1)
s ≈ ∆n(1)s,0 +
1
10∆n
(1)
s,2 − ∆n(1)s + C(1)th [n]. (32)
This equation is linear in the variables that have to be solved for.
The temperature fluctuations source distortions at l > 0, however
due to the tight coupling of βp and the local dipole anisotropy at
high redshifts, distortions only start appearing at the level of the
quadrupole. Redistribution by diffusive scattering is only working
at l < 4. No potential perturbation terms are present, since T ≈ 0.
However, different modes couple because of the gradient on the left
hand side of the Boltzmann equation. This allows the redistribution
of power among the multipoles. Although the monopole itself has
no source terms, this implies that also the monopole will start devel-
oping a distortion once the higher multipoles start deviating from
a Planckian spectrum. This also means that θ(1)e will depart from
Θ
(1)
0 θz, with the difference being of order of ∆n
(1)
0 .
It is clear that at high redshifts all higher multipole tempera-
ture perturbations are exponentially suppressed by Thomson scat-
tering. Since the monopole has no source for distortions, deviations
from a blackbody can only arise at rather low redshifts, when the
visibility becomes larger. At those times θz ≃ few × 10−7, so that
the distortions in the considered situation are expected to have a
typical amplitude ≃ few × 10−12 and hence are small. In addition,
the distortions in first order perturbation theory vanish on average,
since all sources appear in linear order. This means that for the aver-
age distortion in second order perturbation theory we can omit the
first order average distortion in the calculation, unless a significant
distortion was produced in zeroth order. Furthermore, we generally
expect that it is possible to neglect terms ∝ θzB or ∝ θzBG, as their
effect will only be important at high redshifts. However, we leave a
more detailed discussion for future work.
4.3 Second order equation for spectral distortions
The aim of this section is to provide the second order equation for
the evolution of the CMB spectral distortion caused by the dissipa-
tion of acoustic modes in the early Universe. We shall assume that
in zeroth and first order no significant distortions are created. Fur-
thermore, we are only interested in the average distortion caused by
the dissipation of acoustic modes in the early Universe. This sim-
plifies the problem significantly. Two main aspects are important in
this context: (i) the dissipation process increases the average energy
density of the CMB by a small amount without causing a distortion;
(ii) it results in an average spectral distortion, ∆n(2)av , while the sec-
ond order spatial-spectral departures from a blackbody spectrum
are at least ≃ 100 times smaller (cf. Pitrou et al. 2010).
In Appendices C and D we provide a detailed derivation for
all the required parts of the collision term. In particular, Eq. (C49)
and (D3) are important for the dissipation problem. We start our
discussion with the left hand side of the Boltzmann equation in
second order and then write down the various sources of distortions.
4.3.1 Boltzmann equation for the average occupation number
Denoting the collision term in second order perturbation theory by
C(2)[n] the Boltzmann equation for the photon occupation number
reads (cf. Bartolo et al. 2007; Pitrou 2009; Nitta et al. 2009)
∂tn
(2) +
γˆi
a
∂xi n
(2) − xγ∂xγn(0)
[
∂tφ
(2) +
γˆi
a
∂xiψ
(2)
]
− xγ∂xγn(1)
[
∂tφ
(1) +
γˆi
a
∂xiψ
(1)
]
−
(
φ(1) − ψ(1)
) γˆi
a
∂xi n
(1)
+
1
a
[
∂xi
(
φ(1) − ψ(1)
)
− γˆiγˆ j ∂x j
(
φ(1) − ψ(1)
)]
∂γˆi n
(1)
+xγ∂xγn
(0) (φ(1) − ψ(1)) γˆi
a
∂xiψ
(1) = C(2)[n]. (33)
In the above expression the Hubble term was absorbed using the
frequency variable xγ ∝ ν/(1 + z). Also, we directly made use
of ∂tnPl(xγ) = 0, ∂xi nPl = 0, and neglected vector and tensor
perturbations. Averaging over d2γˆ the last term on the left hand
side vanishes. The term ∝ ∂γˆi n(1) gives only one contribution for
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i = j = 3, since n(1) is azimuthally symmetric around the z-axis.
With (Abramowitz & Stegun 1972)
(1 − µ2) ∂µn(1) =
∑
l=1
l(l + 1) nˆ(1)l
[
Pl−1(µ) − Pl+1(µ)]
it is straightforward to show that upon averaging over the photon
directions the remaining term is 2
a
nˆ
(1)
1 ∂z
(
φ(1) − ψ(1)
)
.
Introducing the abbreviation Dt = ∂t + γˆia ∂xi and inserting
n(1) = GΘ(1), n(2) = ∆n(2) + G[Θ(2) + (Θ(1))2] + 12YSZ(Θ(1))2, after
averaging over d2γˆ we can rewrite Eq. (33) as[
Dt∆n(2)
]
0
+ GStemp − YSZ Sdist =
[
C(2)[n]
]
0
, (34a)
with the temperature and distortion source functions Stemp and Sdist:
Stemp =
[
DtΘ(2)
]
0
+ ∂tφ
(2) + 2
[
Θ(1)DtΘ(1)
]
0
+ 3
[
Θ(1)
(
∂tφ
(1) +
γˆi
a
∂xiψ
(1)
)]
0
+
2
a
ˆΘ
(1)
1 ∂z
(
φ(1) − ψ(1)
)
− 1
a
(
φ(1) − ψ(1)
)
∂z ˆΘ
(1)
1
=
[
DtΘ(2)
]
0
+ ∂tφ
(2) − 3Sdist − 12
[
Dt(Θ(1))2
]
0
(34b)
+
2
a
ˆΘ
(1)
1 ∂z
(
φ(1) − ψ(1)
)
− 1
a
(
φ(1) − ψ(1)
)
∂z ˆΘ
(1)
1 ,
Sdist = −
[
Θ(1)DtΘ(1)
]
0
−
[
Θ(1)
(
∂tφ
(1) +
γˆi
a
∂xiψ
(1)
)]
0
= τ˙

∑
l=1
(2l + 1)( ˆΘ(1)l )2 −
1
2
( ˆΘ(1)2 )2 − βp ˆΘ(1)1
 , (34c)
where we used our notation [...]0 to denote projection onto the
monopole. In the last step for Sdist we have used the first order col-
lision term for temperature perturbation to simplify the expression.
Without scattering of radiation in first order perturbation theory this
term would vanish identically. Since Sdist appears on the left hand
side of the Boltzmann equation this means that physically it is con-
nected with the mixing of scattered photons from different regions
in the medium. We can see that for Sdist only local photon mixing is
important, while Stemp also has contributions caused by local den-
sity gradients and potential perturbations. Furthermore, as expected
the local monopole cancels from the distortion source term, being
unaffected by Thomson scattering.
4.3.2 Local and global change of the specific entropy
Integrating the Boltzmann equation, Eq. (34a), over x2γ dxγ one can
compute the net change in the local number of photons. Since scat-
tering conserves the photon number and
∫
x2γYSZ dxγ = 0 one has
∂N(2)γ
∂τ
= −a−1τ˙−1∂zN(2)γ,1 − 3Nplγ τ˙−1Stemp +
∂N(2)γ
∂τ
∣∣∣∣∣∣∣
e/a
. (35)
The subscript ‘e/a’ denotes emission/absorption. This results is
very similar to Eq. (25). However, Stemp not only depends on sec-
ond order potential perturbations, but also mixing terms from first
order perturbation theory. The photon emission and absorption term
can be computed using Eq. (D3) but the precise form is not impor-
tant here. Unlike in first order perturbation theory locally the last
term is comparable to the first two terms, and globally it even dom-
inates. This can be seen if we take the spatial average of Eq. (35).
SinceStemp arises directly from the Liouville operator it is clear that
globally
〈
Stemp
〉
= 0, implying that
〈
∂N(2)γ
∂τ
〉
=
〈
∂N(2)γ
∂τ
∣∣∣∣∣∣∣
e/a
〉
> 0. (36)
This expression shows that in second order perturbation theory the
specific entropy of the Universe changes because of dissipative pro-
cesses, leading to net photon production. From this argument with
Eq. (34b) it also follows that
∂t
〈
Θ
(2)
0 + φ
(2) − 1
2
ys0
〉
=
3
a
〈(
φ(1) − ψ(1)
)
∂z ˆΘ
(1)
1
〉
+ 3 〈Sdist〉 , (37)
where ys0 =
∑
l=0(2l + 1)( ˆΘ(1)l )2. This implies
∂t
〈
Θ
(2)
0 + φ
(2)〉 = 3
a
〈(
φ(1) − ψ(1)
)
∂z ˆΘ
(1)
1
〉
+ 3 〈Sdist〉 + 12∂t
〈
ys0
〉
=
3
a
〈(
φ(1) − 23ψ
(1)
)
∂z ˆΘ
(1)
1 − ˆΘ(1)0 ∂tφ(1)
〉
+ 2 〈Sdist〉 ,
which is equivalent to an energy increase
da4Qtemp
a4ργ dt
≈ 12
a
〈(
φ(1) − 23ψ
(1)
)
∂z ˆΘ
(1)
1 − ˆΘ(1)0 ∂tφ(1)
〉
+ 8 〈Sdist〉
≈ 12
a
〈(
φ(1) − 23ψ
(1)
)
∂z ˆΘ
(1)
1 − ˆΘ(1)0 ∂tφ(1)
〉
− 4 ddt
〈
ys0
〉
.
The energy release does not lead to any distortion, as it is injected
‘adiabatically’, in form of a temperature perturbation, ∝ G, in-
creasing the average contribution
〈
Θ
(2)
0
〉
G to the photon occupa-
tion number. What matters is not only the change in the mixture of
blackbodies (last term), but also energy extraction from the poten-
tial perturbation. The second order Doppler term is absent here but
does appear as a source of distortions (see Eq. 40). On the other
hand, we will see that the potentials only lead to an adiabatic in-
crease of the photon energy density but no distortion. In fact already
here we can see that only 2/3 of the energy stored in the superposi-
tion of blackbodies, ∆ρsup = 6
〈
ys0
〉
ργ, goes into the increase of the
average CMB temperature. Consequently, 1/3 should lead to the
production of distortions, as we confirm in Sect. (5.1.1).
4.3.3 Correction to the local electron temperature in second
order perturbation theory
As explained in Appendix C1.1, a good approximation for the sec-
ond order correction to the local electron temperature can be given
by computing the balance between Compton heating and cooling
in the local rest frame of the moving volume element. Integrating
Eq. (C50) over x3γ dxγ with the integrals of Eq. (A11) it is straight-
forward to show that
θ(2)e ≈ θz
∆I
(2)
4
4Gpl3
− ∆G
(2)
3
Gpl3
 + θz
Θ(2)0 + yg≥1 + βp ˆΘg1 + β
2
p
6

+ 2.70 θz yg≥1 + 0.30 θz
[
−65 (
ˆΘ
g
1)2 +
1
2
ˆΘ22 −
3
10
ˆΘ23
]
, (38)
where yg≥1 is defined by Eq. (C48b). Here we neglected small cor-
rections due to the adiabatic cooling by the expansion of the Uni-
verse, and also assumed that no extra energy release occurred. We
also ignored the cooling of matter by BR and DC emission and
assumed that Compton cooling and heating are always in balance.
We mention that the first three terms can be obtained just from
the standard Kompaneets equation. The last term arises as cor-
rection from the effect of dipole through octupole scattering with
velocity-dependent corrections. If we furthermore compare with
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Figure 2. Comparison of different source functions for spectral distortions
according to Eq. (40). To make things more comparable we rescaled H by
a factor of 4.
Eq. (14) and assume βp = 0 we see that the terms ∝ yg≥1 just arise be-
cause of electrons up-scattering in the anisotropic blackbody field.
The first term is the correction because of deviations from the sim-
ple superposition of blackbodies. Contributions related to βp give
the correct gauge-dependence.
4.3.4 Second order collision term for the locally averaged
photon distribution
With expression (38) it is possible to eliminate the dependence of
the collision term on θ(2)e . Inserting into Eq. (C49) and defining
Sθe
∆n
=
∆I(2)4
4Gpl3
− ∆G
(2)
3
Gpl3
(39a)
SθeYSZ = 12.16 ˆΘ
g
1βp + 2.70SθeH + 0.30SθeE (39b)
SθeH = y
g
≥1 −
16
5
ˆΘ
g
1βp (39c)
SθeE = −
6
5 (
ˆΘ
g
1)2 +
1
2
ˆΘ22 −
3
10
ˆΘ23 −
2
5
ˆΘ
g
1βp (39d)
we finally obtain
C(2)[n]
∣∣∣
scatt
≈ θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n
(2)
0 + ∆n
(2)
0 A
}
− βp ˆΘg1YSZ
θz
[
Sθe
∆n
+ SθeYSZ
]
YSZ − θzSθeHH − θzSθeE E (40)
for the Boltzmann collision term of the average photon distribution.
The first term just describes the changes of the spectrum caused
by photon scattering, leading to redistribution of photons over en-
ergy. The energy exchange with electrons leads to additional source
terms that have different contributions, each with their own spectral
behaviour. We show a comparison in Fig. 2. The typical amplitude
ofH is ≃ 4 times larger thanYSZ, while E is a factor of ≃ 2 smaller
than YSZ. For the BR and DC emission term with Eq. (D3) we find
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
e/a
≈ − K
x3γ
(exγ − 1)
[
∆n
(2)
0 + G
(
Sθe
∆n
+ Se/a
)
+
1
2
YSZ yg≥1
]
Se/a = 0.12 ˆΘg1βp + 2.70 yg≥1 + 0.30SθeE (41)
It is important to mention that the final collision term has no depen-
dence on Θ(2)0 . This fact allows us to further simplify the calculation
of the average distortion.
4.3.5 Evolution equation for the average spectral distortion
We now have all the pieces to write down the final evolution equa-
tion for the average spectral distortions. For the whole Universe we
can only give meaningful answers for a statistical ensemble. This
means that we have to perform an ensemble average of the equa-
tions, which is equivalent to a spatial average. This all boils down to
computing the average of the source functions S we defined above.
We already know from Eq. (34a) that the resulting spectrum
has a distortion but also a contribution ∝ StempG. The latter implies
a small increase of the average photon energy density, but does
not lead to any net source term for ∆n(2)av , since
〈
Stemp
〉
≈ 0 (cf.
Sect. 4.3.2). With Eq. (34a), (39), and (41) it therefore follows that
∂∆n(2)av
∂τ
≈ θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n
(2)
av + ∆n
(2)
av A
}
+ 〈Sac〉YSZ (42)
+
K
x3γ
(1 − exγ )
[
∆n(2)av + G
〈
Sθe
∆n
+ Se/a
〉
+
1
2
〈
yg≥1
〉
YSZ
]
+ θz
〈
Sθe
∆n
+ SθeYSZ
〉
YSZ − θz
〈
SθeH
〉
H − θz
〈
SθeE
〉
E
Sac ≡ Sdist
τ˙
− βp ˆΘg1 = yg≥1 −
1
2
( ˆΘ(1)2 )2 = 3( ˆΘg1)2 +
9
2
( ˆΘ(1)2 )2 + yg≥3.
The main source of distortions is determined by Sac, with yg≥1 de-
fined by Eq. (C48b). The first term in Eq. (42) describes how the
distortion evolves under Compton scattering and the third term ac-
counts for BR and DC emission. The last three terms include mod-
ifications of the source function that are of similar order as θz∆n(2)av .
All these could potentially be important as long as y ≃
∫
θz dτ & 1,
but certainly can be neglected at low redshifts. However, our anal-
ysis shows that even at high redshifts only 〈Sac〉 and 〈S∆n〉 really
matter for the distortions (Sect. 5.4).
It is also interesting to realize that the term
〈
yg≥1
〉
YSZ is mainly
caused by photon mixing (from the left hand side of the Boltzmann
equation), while only −
〈
βp ˆΘ
g
〉
YSZ =
〈
βp(βp/3 − ˆΘ(1))
〉
YSZ arises
from scattering in second order perturbation theory. All other terms
on the right hand side of Eq. (42) are from collisions of photons
with the baryonic matter (electrons and baryons). As we show be-
low, at high redshifts photon mixing terms dominate, while at low
redshifts the second order Doppler terms dominate (Sect. 5.3).
5 SOURCE TERMS FOR THE COSMOLOGICAL
DISSIPATION PROBLEM
In the previous section we derived the second order Boltzmann
equation that allows describing the evolution of the average spectral
distortion of the CMB caused by the dissipation of acoustic modes
in the Universe. The main problem is now to compute the average
source terms in Eq. (42). All sources are caused by first order per-
turbations, for which precise transfer functions can be computed
numerically (e.g., Peebles & Yu 1970; Bond & Efstathiou 1984;
Ma & Bertschinger 1995). Therefore, the ensemble average of X Y
is given by
〈X Y〉 =
∫ k2 dk
2π2
P(k) TX TY , (43)
where P(k) is the primordial power spectrum and Ti the transfer
function for the variable i ∈ {X,Y}. Below we use both numerical
as well as analytical results to perform this task.
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5.1 Source of distortion in the tight coupling limit
At high redshifts the tight coupling approximation can be used to
estimate the sources of distortions. In this limit only monopole,
dipole and quadrupole temperature perturbations are present.
Higher order anisotropies can be neglected. In addition the local
dipole and peculiar motion are directly related and practically can-
cel each other until close to the cosmological recombination epoch.
5.1.1 Main source of y-distortions
First looking at the main source term in Eq. (42), which isYSZSac ≃
YSZ
[
3 ˆΘ21 − 2βp ˆΘ1 + β2p/3 + 92 ˆΘ22
]
, we have to compute the ensem-
ble average of (
3 ˆΘ1 − βp
)2
3
+
9
2
ˆΘ22.
In Fourier space squared quantities are replaced by convolutions.
However, because of isotropy and homogeneity we can directly re-
place these convolutions with the product of the transformed vari-
ables, after taking the ensemble average. In the tight coupling limit
one has the simple relations (e.g., see Dodelson 2003)
βp ≈ 3
ˆΘ1
1 − i kcsR
τ˙c
, ˆΘ2 ≈ i 4k9τ˙c
ˆΘ1,
where cs ≈ 1/
√
3(1 + R) is the effective sound speed of the photon-
baryon fluid and R = 3ρb/4ργ is the baryon loading. Also here τ˙c
is the derivative of τ with respect to conformal time, and ˆΘl and
βp are now Fourier variables, but we omit writing ˜X. With these
expressions we can compute the source function in Fourier space:
Sac → k
2
τ˙2c
[
R2
1 + R
+
8
9
]
| ˆΘ1|2YSZ. (44)
The first contribution in brackets can be identified as heat conduc-
tion, while the second term is due to shear viscosity (Weinberg
2008). Additional corrections because of polarization have been
neglected, but would lead to 8/9 → 16/15 (cf. Kaiser 1983;
Zaldarriaga & Harari 1995). Expression (44) shows that at high
redshifts the main source of distortions arises solely from the
quadrupole anisotropy, because R → 0. The approximation by
Hu et al. (1994a) was also obtained in this limit, however, as we
see below an additional factor 3/4 arises here.
Neglecting the variation of the potentials close to the diffusion
scale, kD, we have (cf. Dodelson 2003)
| ˆΘ1|2 ≈ sin
2 (krs)
3(1 + R) [3
ˆΘ0(0)]2 e−2k2/k2D .
According to Ma & Bertschinger (1995) we can furthermore write
[3 ˆΘ0(0)]2 = Pζ(k)/[1 + 4Rν/15]2 ≡ αν Pζ(k),
where Rν = ρν/(ργ + ρν) ≈ 0.41 and Pζ(k) = 2π2Aζk−3(k/k0)nS−1,
with Aζ = 2.4× 10−9, and k0 = 0.002 Mpc−1 (Komatsu et al. 2011).
We therefore have to calculate the integral
〈Sac〉 ≈
ανc
2
s
2τ˙2c
[
R2
1 + R
+
8
9
] ∫ d3k
(2π)3 k
2Pζ(k) 2 sin2 (krs) e−2k2/k2D
=
Aζ
knS−10
αν
τ˙c
(
∂ηk−2D
) ∫
dk knS 2 sin2 (krs) e−2k2/k2D
≈ Aζ
knS−10
αν
τ˙c
(
∂ηk−2D
)
2−(nS+3)/2 knS+1D Γ
(
1 + nS
2
)
, (45)
where we used ∂ηk−2D = c2s [R2/(1 + R) + 8/9]/(2τ˙c) (cf. Dodelson
2003). To obtain the effective heating rate from this we have to
multiply by τ˙c YSZ and integrate over x3γ dxγ d2γˆ. This gives ∂ηQac,
which upon conversion to redshift reads
1
a4ργ
da4Qac
dz
≈ 4αν Aζ
knS−10
(
∂zk−2D
)
2−(nS+3)/2 knS+1D Γ
(
1 + nS
2
)
. (46)
The factor of 4 arises from the integral
∫
x3γYSZ dxγ = 4ργ, so that
(a4ργ)−1 da4Qac/ dz ≡ −4τ˙ 〈Sac〉 /H(1 + z), where H is the Hubble
expansion factor. Furthermore, we have 4αν ≃ 3.25. We will see
below that Eq. (46) provides a very useful approximation for the
effect of dissipation from acoustic modes, however, small modifi-
cations of the transfer function lead to an even better agreement
with the full numerical result (see Sect. 5.3.1).
At high redshifts we can give an explicit expression for the
dependence of the effective heating rate on nS. During the µ-era we
find kD ≈ A−1/2D (1 + z)3/2 with (compare also Khatri et al. 2012)
AD ≈ (8/9) c
18H0Ω1/2r Ne,0σT
≈ 5.92 × 1010 Mpc2.
Here H0 is the Hubble parameter, Ωr is the density of relativistic
species, and Ne = Ne,0(1 + z)3 is the number density of electrons
(bound and free). In this limit ∂zk−2D = −3AD/(1 + z)4, such that
1
a4ργ
da4Qac
dz ≈ −
3αν Aζ
1 + z
Γ
(
1 + nS
2
) [ (1 + z)3
2k20 AD
] nS−1
2
. (47)
This expression shows that for nS ≃ 1 the effective heating rate
scales as 1/(1+ z), and just depends on Aζ and αν = (1+4Rν/15)−2.
The CMB spectrum therefore also provides an interesting probe
for the effective number of neutrino species. On the other hand the
additional cosmology dependence entering via AD is much weaker.
Expression (47) also shows, that for nearly scale-invariant
power spectra the dependence on the exact coefficient for the shear
viscosity is small. In the definition of AD we used 8/9. Replacing
this with 16/15 (Kaiser 1983) leads to a ≃ 9% change of kD; how-
ever, for the effective heating rate it implies a modification by a
factor of (5/6)(nS−1)/2 ≈ 1 + 12 ln(5/6) (nS − 1) ≈ 1 − 0.09(nS − 1).
For nS = 0.96 this means that the energy release is overestimated
by ≃ 0.4% when using 8/9 instead of 16/15. Numerically we also
found this difference.
Comparison with earlier estimates
The result Eq. (47) is 3/4 of the amplitude obtained by Khatri et al.
(2012) and Hu et al. (1994a). Their estimates are based on the for-
mula for average energy density in sound waves in massive parti-
cles applied to photons,
Q ≈ 13ργ
〈
δ20,γ
〉
.
The factor of 1/3 arises from the sound speed of the photon fluid,
cs = 1/
√
3, and δ0,γ = ∆ρ0/ργ is the perturbation in the energy den-
sity of the monopole part of the photon field. The effective heating
rate in this picture is
d
dt
QClassical
ργ
≈ −13
d
dt
〈(
∆ρ0
ργ
)2〉
= −163
d
dt
〈
ˆΘ20
〉
≡ 43
d
dt
Qac
ργ
.
where we compared with Eq. (46). As we see this is 4/3 times the
result obtained with the full Boltzmann equation.
The estimate above does not full reflect the microphysics of
the problem, in which the dissipation/heating is mainly due to the
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scattering of the quadrupole and resulting superposition of black-
bodies. In particular we should be using the total energy in the
photon field with varying temperature by means of the Stephan-
Boltzmann law, ργ ∝ T 4, as already explained in Sect. 2.3.3. Then
we can write 〈
ρ
temp
γ
〉
= ρpl(Tav)
[
1 + 6
〈
Θ20 + y0
〉]
.
We already know that 2/3 of 6
〈
Θ20 + y0
〉
= 6
〈
ys0
〉
directly ap-
pears as a temperature perturbation without creating any distortion
(cf. Sect. 4.3.2). This statement is even true when considering the
subsequent evolution, since injection of perturbations with spectral
shape G allows movement along a sequence of quasi-equilibrium
states with blackbody spectra. This only leads to a slow increase of
the average CMB temperature, but no distortion.
On the other hand 2
〈
ys0
〉
appears directly as y-type distortion.
We therefore have the effective energy release
d
dt
Q
ργ
≈ −2 d
dt
〈
ys0
〉
= −4 〈[Θ dtΘ]0〉 = 4 〈Sdist〉 ≈ 4τ˙ 〈Sac〉 ,
where Sdist is defined by Eq. (34b). The last step is possible since
at high redshifts the difference
〈
τ˙−1Sdist − Sac
〉
=
〈
βp ˆΘ
g
1
〉
≈ 0. This
shows that there only changes in the mixture of blackbodies are
important. However at low redshifts the term
〈
βp ˆΘ
g
1
〉
starts dom-
inating. This contribution to the heating arises from second order
scattering terms (dipole and velocity cross-term ≃ βpΘ1 and sec-
ond order Doppler effect, ∝ β2p) which are not captured by the sim-
ple estimates given above. Furthermore, all multipoles contribute to
the energy release. This naturally defines the real dissipation (with-
out counting power interchange among the multipoles) from the
system and not just the total change of the monopole amplitude.
Finally, the energy release caused by second order scattering terms
can be added by simply replacing ˆΘ1 → ˆΘg1. This then recovers the
full source term 〈Sac〉 as obtained with the Boltzmann equation.
5.1.2 Other sources of distortions in the tight coupling limit
So far we only considered the main source term in Eq. (42). How-
ever, we discovered additional source terms, which we discuss now.
The ensemble average ofS∆n is trivial, simply meaning the replace-
ment ∆n(2)0 → ∆n(2)av inside the corresponding integrals. With 〈Sac〉
and Eq. (42) we also have
〈
yg≥1
〉
≈
10
9 +
27
8 c
2
s R2
1 + 278 c2s R2
〈Sac〉 → 109 〈Sac〉 ,
where we also indicate the limiting behaviour at very high redshift.
For the source term associated with H according to (39c) we only
require
〈
βp ˆΘ
g
1
〉
in addition. In Fourier space one has
βp ˆΘ
g
1 →
k2
τ˙2
√
3R√
1 + R
| ˆΘ1|2.
Comparing with the above expression we find
〈
βp ˆΘ
g
1
〉
≈ 278
cs R
1 + 278 c2s R2
〈Sac〉 → 0 (48a)
〈
SθeH
〉
≈

10
9 − 545 cs R + 278 c2s R2
1 + 278 c2s R2
 〈Sac〉 → 109 〈Sac〉 . (48b)
For the source function related to E using the same arguments and
neglecting the octupole we find
〈
SθeE
〉
≈

1
9 − 2720 cs R + 5425 c2s R2
1 + 278 c2s R2
 〈Sac〉 → 19 〈Sac〉 (49)
This result shows that the source term related to E is suppressed by
1/10 in comparison to the one for H .
With these expression we can also compute the average of
SθeYSZ and Se/a. At high redshifts we find the limiting behaviour〈
SθeYSZ
〉
≈ 〈Se/a〉 → 3.03 〈Sac〉 . (50)
These expressions determine all the source terms appearing in
Eq. (42). At high redshifts these approximations work very well,
while around hydrogen recombination they start breaking down.
However, we mention here that source terms other than 〈Sac〉
appear with additional (small) coefficients ≃ θz and frequency-
dependent functions. This renders all these terms negligible as cor-
rections to the main source functions, as we discuss in Sect. 5.4.
5.2 Results for the transfer functions
At high redshifts well before the recombination epoch one expects
the tight coupling approximation to work very well in describing
the source terms. However, during and after recombination it is
clear that this approximation breaks down and a numerical compu-
tation of the perturbation equations becomes necessary. The main
reason is that once the Thomson optical depth decreases higher
multipoles start to contribute, and when scattering ceases the pho-
ton distribution evolves by free-streaming.
To understand the amplitudes of the different source terms
as a function of time we numerically solved the perturbation
equations following Ma & Bertschinger (1995). For the calcula-
tions we use the conformal Newtonian gauge. We utilized the
stiff ordinary equation (ODE) solver implemented for CosmoRec
(Chluba & Thomas 2011). To obtain accurate results we split the
range in k up into several parts. Within these regions we densely
sampled uniformly in log k. For the evolution of modes that enter
the horizon at very early times, only a few multipoles had to be
followed, while during and after recombination we included up to
l = 80 multipoles for both photons and massless neutrinos.
In Figs. 3 and 4 we show some examples for the transfer
functions obtained up to l = 3. We observe the well known be-
haviour: once modes enter the horizon they oscillate; monopole and
dipole anisotropies dominate at early times; once dissipation sets in
quadrupole, octupole and higher multipoles start appearing; and for
high values of k usually only the monopole through quadrupole are
important at all times, while for smaller k higher multipoles also
matter. For the acoustic dissipation at high redshifts the quadrupole
terms dominate, while at low redshift the net dipole/Doppler is
largest (see next section).
To confirm our numerical treatment, we compared our transfer
functions with outputs from Cmbfast (Seljak & Zaldarriaga 1996),
finding excellent agreement (better than 1% before free-streaming
starts). In the free-streaming regime we included up to 80 multi-
poles to avoid errors caused by truncation of the Boltzmann hierar-
chy (see Ma & Bertschinger 1995, for related discussion). For the
curves given in Fig. 3 and 4 we accounted for polarization, how-
ever, for the computation of the source functions presented in this
section we neglected it. This only affects the results at the level of
≃ 5% (see Sect. 5.5).
5.3 Source term 〈Sac〉
To begin let us consider the source term 〈Sac〉. In Fig. 5 we present
the rate as a function of scale factor a. We scaled 〈Sac〉 by τ˙/H to
make it comparable to (1 + z) d(Qac/ργ)/ dz defined by Eq. (46).
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Figure 3. Monopole and dipole transfer functions for different values of k,
normalized to initial curvature perturbation in comoving gauge ζ ≡ 2C = 1.
We compared all of the cases with CMBfast and found agreement at the
level of . 1%. In the free-streaming regime many multipoles needed to be
included to avoid errors caused by truncation of the Boltzmann hierarchy.
We compare the results obtained using the simple tight coupling
formulae to those computed with our Boltzmann code. At high
redshifts we see excellent agreement between the two, while close
to hydrogen recombination (z ≃ 103) the estimate using the tight-
coupling approximation yields a larger result. After recombination
ends (z . 800) free-streaming starts and the source term drops very
fast, a point that is unsurprisingly not captured with the tight cou-
pling solutions. At these late times the contribution from higher
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Figure 4. Same as Fig. 3 but for the quadrupole and octupole.
multipoles and bulk motions of the baryons also become important,
as our numerical results indicate.
In Fig. 5 we also present the partial rates. At redshifts z ≃
105 − 106 modes with k ≃ 102 − 104 Mpc−1 dissipate their energy,
while at redshifts z ≃ 104 − 105 those with k ≃ 1 − 102 Mpc−1
contribute most. During and after recombination modes in the range
k . 1 Mpc−1 are responsible for the heating. We can also see that
the partial rates have a small time-dependent modulation caused
by the oscillatory behaviour of the transfer function. This is even
more visible in Fig. 6, where we have zoomed in on the region
a ≃ 4 × 10−5 − 10−3. The modulation is also found when using the
tight-coupling solution. However, when adding the contributions of
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Figure 5. Main source function, 〈Sac〉, in units of AζH(z)/τ˙ for nS = 0.96.
For the dotted/red line multipoles up to l = 80 were included, while for all
the other curves only the moments up to the quadrupole were accounted for.
The result obtained with Eq. (46) (dashed/blue) is compared with the total
result from the perturbation code (dash-dotted/black). The solid lines give
partial contributions to the source function for different ranges in k (in units
of Mpc−1), starting from the right with 10−4 ≤ k ≤ 10−2 , 10−2 ≤ k ≤ 10−1,
10−1 ≤ k ≤ 1, 1 ≤ k ≤ 102, 102 ≤ k ≤ 104, and 104 ≤ k ≤ 106 .
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Figure 6. Same as Fig. 5 but zoomed in on the region a ≃ 4 × 10−5 − 10−3.
The solid lines show the two partial contributions from k modes in the range
10−2 ≤ k ≤ 1 and 1 ≤ k ≤ 102 (right to left). One can see slight os-
cillations of the partial rates around a ≃ 2 × 10−4, which average out in
the sum. We also present the analytic approximation for the partial rates
based on the simple tight-coupling solution. Furthermore, we have marked
the two helium recombination features, which are visible in both the sim-
ple analytic estimate as well as the full numerical result. The blue/dashed-
double-dotted line shows an improved analytical approximation which in-
cludes some higher order corrections (see Sect. 5.3.1 for details).
neighbouring modes the oscillations disappear. This shows that the
heating rate for individual modes is actually varying in time, but
the superposition of modes that are separated by about half a sound
horizon removes this variation.
In Fig. 7 we illustrate the importance of the different terms
for 〈Sac〉. At high redshifts the quadrupole term clearly domi-
nates, while at low redshifts after hydrogen recombination the net
dipole/Doppler term is most important. During recombination the
higher multipoles contribute ≃ 10%, but are negligible otherwise.
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Figure 7. Different contributions to the main source function, 〈Sac〉, in units
of AζH(z)/τ˙ for spectral index, nS = 0.96. At high redshifts the quadrupole
term clearly dominates, while at low redshifts the net dipole/Doppler term,
i.e., ( ˆΘg1)2, is most important. During recombination the higher multipoles
contribute ≃ 10%, but are negligible otherwise.
5.3.1 Improving the analytic estimate
As Fig. 5 indicates, even around He ii and He i recombination, dif-
ferences are visible between approximation (46) for the source term
and the numerical result. The tight coupling approximation is ex-
pected to work at redshifts z & 103, so that this differences is
slightly surprising. However, in the derivation of Eq. (46) addi-
tional approximation were used. Firstly, for the k integral Eq. (45)
sin2 (krs) was replaced by the average value 1/2. This approxima-
tion is not too bad and indeed only breaks down at redshifts be-
low ≃ 103. The other simplification is more severe. For the expres-
sion (44) we approximated
3( ˆΘg1)2 ≈ 3
k2c2s R2
τ˙2
[
1 +
k2c2s R2
τ˙2
]−1
≈ k
2
τ˙2
R2
1 + R
.
The second step turns out to be too imprecise at 103 . z . 104. If
we include the full expression and numerically carry out the k inte-
gral, we find an improved agreement, with the difference decreas-
ing roughly by 2. This indicates that already at z . 104 higher order
powers of k/τ˙ become important for the dispersion relation of the
modes, which are consistently captured by the numerical treatment,
but can only be partially accounted for with the above expressions.
Finally, in the more accurate approximations for the transfer
functions of ˆΘ1 given by Hu & Sugiyama (1995), again neglecting
corrections because of the potentials far inside the horizon (where
the dissipation is happening), there are additional factors of (1+R)
accounting for the finite energy density of baryons. We note that
even though the baryon energy density becomes comparable to the
photon energy density before recombination, the pressure is domi-
nated by photons until recombination occurs and the photons enter
the free-streaming regime. The transfer function for ˆΘ1 has to be
multiplied by (1 + R)−1/4, implying another factor (1 + R)−1/2 in
〈Sac〉. If we include these modifications we obtain the dash-dot-
dotted line in Fig. 6, clearly indicating an improvement over the
more simple estimate, Eq. (46).
5.4 Other source functions
We can similarly compute the amplitude of the other source terms
appearing in Eq. (42). In Fig. 8 we show the comparison. The func-
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Figure 8. Other source terms as defined by Eq. (39) and (41) in units of
AζH(z)/τ˙ for spectral index, nS = 0.96. For comparison we also show 〈Sac〉.
Notice that the relative importance of the source functions for the spectral
distortions is not reflected in this figure, since the source terms are modu-
lated by additional (small) factors and frequency-dependent functions.
tions S all look rather comparable, with noticeable differences only
around recombination and after. One can also clearly see the limit-
ing behaviour for high redshifts (cf. Sect. 5.1.2).
The relative importance of the source functions for the spec-
tral distortions is not reflected in Fig. 8, since the source terms are
modulated by additional (small) factors and frequency-dependent
functions. The additional source terms related to scattering have
frequency-dependence YSZ, H , and E. The function H is typically
4 times larger than YSZ, while E is smaller by ≃ 2 (cf. Fig. 2).
In addition the related source functions for the spectral distortions
are suppressed by a factor of θz ≃ 4.6 × 10−10(1 + z). This renders
the extra source terms θz
〈
SθeYSZ
〉
YSZ ≃ 1.4 × 10−9(1 + z) 〈Sac〉YSZ,
θz
〈
SθeH
〉
H ≃ 2.0 × 10−9(1 + z) 〈Sac〉YSZ and θz
〈
SθeE
〉
E ≃ 2.6 ×
10−11(1 + z) 〈Sac〉YSZ, a correction that is smaller than ≃ 2% at
z . 107 in all cases.
The terms 12
〈
yg≥1
〉
YSZ and
〈
Sθe
e/a
〉
G related to BR and DC
emission enter the problem without an extra suppression θz. They
arise as corrections to the electron temperature (see Eq. (38)) and
are actually related to parts of the functions
〈
SθeH
〉
and
〈
SθeE
〉
. With-
out the extra terms ∝ βpθe and ∝ β2pθe, these would not have the cor-
rect velocity-dependence and hence yield erroneous results for the
net energy exchange and equilibrium between photons and bary-
onic matter. However, in comparison to 〈S∆n〉 they all turn out to
have a small effect on the final spectrum. We checked this statement
explicitly and found that they can be safely neglected.
We also mention here that at redshifts z & 107 the extra source
terms can become important. However, energy release in such early
epochs will only cause a net increase of the specific entropy of the
Universe, but lead to no distortions. Furthermore, at those redshifts
other processes become important, but a more detailed analysis of
this problem is beyond the scope of the present work.
5.5 Correction because of polarization
The effect of polarization in the Thomson limit is readily in-
cluded by adding 12 τ˙[ ˆΘ(1),P0 + ˆΘ(1),P2 ]P2(µ)G to the first order col-
lision term, Eq. (C16a). Here the superscript ‘P’ denotes polar-
ization multipoles. For the simple analytic estimate of Sac ac-
cording to Eq. (44) this means a replacement 8/9 → 16/15 (cf.
Kaiser 1983; Zaldarriaga & Harari 1995). Furthermore, the addi-
tion of polarization in the Thomson limit only affects the defini-
tion of Stemp, Eq. (34b), and consequently Sac. For the numerical
computations one therefore has to calculate the ensemble average〈
ˆΘ
(1)
2
[
ˆΘ
(1),P
0 +
ˆΘ
(1),P
2
]〉
in addition, once polarization is included in
the first order computation. This means
Sac → Sac − 12
[〈
ˆΘ
(1)
2
ˆΘ
(1),P
0
〉
+
〈
ˆΘ
(1)
2
ˆΘ
(1),P
2
〉]
. (51)
Because of Thomson scattering some power leaks from the temper-
ature multipoles into the polarization multipoles. This increases the
apparent dissipation rate of the temperature multipoles, however,
the power appearing as polarization has to be subtracted again. The
net change therefore is expected to be small. A detailed numer-
ical computation shows that around the hydrogen recombination
epoch the effective heating rate is smaller by about ≃ 5%−10%. At
both lower and higher redshifts the effect of polarization is negli-
gible. Since polarization only becomes important during hydrogen
recombination, where θz . 10−7, the other source terms can be
computed without including the effect of polarization.
5.6 Fast computation of the heating rates
To compute the results for the effective heating rates that are pre-
sented above we pushed the accuracy of our Boltzmann code to ex-
treme settings. The corresponding calculations were rather expen-
sive (≃ 2 hours on 80 cores), however, now that we have obtained
good analytic approximations for the heating rates it is possible to
simplify the numerical computation significantly. First of all, the
analytic approximation can be used for modes with k ≥ 1 Mpc−1,
since these dissipate their energy at a . 5 × 10−4 where according
to Fig. 6 the analytic approximation works well. We therefore only
have to treat more carefully modes with k ≤ 1 Mpc−1.
Furthermore we can reduce the k-sampling by a large amount.
We used about 105 points in the previous calculations, however, for
the smaller k-range a sampling of a few hundred is sufficient. Using
Clenshaw-Curtis rules (Clenshaw & Curtis 1960) for integration in
log-k we were able to obtain converged results for n = 256. We
also increased the maximal step-size in a several times, without
affecting the results significantly. In addition, it was sufficient to in-
clude only about ≃ 10 multipoles in the computation of the heating
rates. Although details of the transfer functions are different in the
free-streaming period, this had negligible effect on the final heat-
ing rate. With all these modifications the computation of the source
functions reduces to about 1 minute on a standard laptop.
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We included this simplified treatment of the perturbation cal-
culation into CosmoTherm. Prior to the thermalization calculation,
for given parameters of the power spectrum and cosmology one can
solve for the transfer functions and then load the corresponding ef-
fective heating rates for the thermalization problem.
6 SPECTRAL DISTORTIONS FROM THE DISSIPATION
OF ACOUSTIC MODES
We are now in a position to directly compute the resulting spec-
tral distortion caused by the dissipation of acoustic modes in the
early Universe. From recent estimates (Chluba & Sunyaev 2012;
Khatri et al. 2012) it is clear that the distortion is a mixture of µ and
y-type distortion with typical amplitude ∆n/n ≃ 10−8 − 10−9, de-
pending sensitively on the spectral index. The negative µ-type dis-
tortion caused by the down-scattering of CMB photons because of
the adiabatically cooling baryonic matter contributes at the level of
∆n/n ≃ 10−9 (Chluba 2005; Chluba & Sunyaev 2012; Khatri et al.
2012), diminishing or even dominating the distortion from the dis-
sipation process according to the total acoustic power on small
scales. Also, if in zeroth order perturbation theory some small dis-
tortion is created by uniform energy release this should be com-
puted simultaneously for accurate predictions of the average signal.
All the mentioned effects can be simultaneously included by
just adding the corresponding source terms from the zeroth order
perturbation problem to Eq. (42). Since in first order perturbation
theory no average distortion is created, this should have no sig-
nificant effect on the consistency of the second order perturbation
problem. To formulate the problem one also has to follow the ze-
roth order temperature equation for the electrons and baryons to
determine the average temperature of electrons. The source term〈
Sθe
∆n
〉
from the dissipation problem can be absorbed by adding it to
the temperature equation, since a similar term appears in zeroth or-
der perturbation theory, cf. Eq. (21b). This makes the computation
simpler, but does not affect the result at an important level.
With all these comments in mind, the evolution equation for
the average spectral distortion, ∆nav, can be written including: (i)
energy release from the dissipation of acoustic modes; (ii) the ex-
traction of energy from the photon field by the adiabatic cooling of
baryonic matter; and (iii) a possible uniform energy release directly
leading to heating of matter. It reads
d∆nav
dτ ≈
θz
x2γ
∂xγ x
4
γ
{
∂xγ∆nav + ∆navA
}
+
K(xγ, θz)
x3γ
(1 − exγ )∆nav
+ [θe − θz]YSZ − θe − θz
θz
K(xγ, θz)
x3γ
(1 − exγ )G + 〈Sac〉YSZ (52a)
dρe
dτ ≈
τ˙−1 ˙Q
αhθγ
+
4ρ˜plγ
αh
[ρeqe − ρe] − τ˙−1H ρe. (52b)
Here ρe = Te/Tz, ˙Q parametrizes the uniform heating rate of the
matter for which different examples are given in Chluba & Sunyaev
(2012), and ρeqe = 1 +
〈
Sθe
∆n
〉
with ∆n(2)av in Eq. (39a) replaced by
∆nav. We neglected additional cooling by BR and DC emission,
which can be easily added, but does not lead to any significant
change (Chluba & Sunyaev 2012). Furthermore, we omitted addi-
tional corrections to the source function for the acoustic dissipation
problem (see Sect. 5.4). However, it is also straightforward to add
these terms, if needed.
This set of equations can be readily solved using the ther-
malization code CosmoTherm (Chluba & Sunyaev 2012), once the
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Figure 9. Comparison of total distortion from acoustic damping and BE
condensation with the previous computation of Chluba & Sunyaev (2012).
The amplitudes of the µ and y-type contributions are rather similar, however,
in the previous computation the heating of baryonic matter after recombi-
nation was overestimated, leading to free-free emission instead of absorp-
tion at very low frequencies. We also show the case for balanced injection
(Sect. 6.2), nS = 0.96 and nbalrun = −0.0265, for which practically only the
free-free and y-type distortions are visible.
source function for the cosmological dissipation problem is known.
We define the initial condition of the problem such that the ef-
fective temperature, T ∗γ , of the photon field at the end is close to
TCMB = 2.726 K. For this value we calculate the evolution of the to-
tal energy budget of the thermalization problem being considered,
prior to the computation of the spectral distortions. Neglecting the
distortions themselves, as well as BR and DC terms and higher or-
der corrections to the source function for the acoustic dissipation
problem (without loss of precision in final results), this requires
solving
1
a4
da4ργ
dτ ≈ 4ργ 〈Sac〉 − 4ργθz[1 − ρe]
dρe
dτ
≈
˙Q τ˙−1
αhθγ
+
4ρ˜γ
αh
[1 − ρe] − τ˙−1H ρe. (53)
Once ∆ργ(ze) = ργ(ze) − ρplγ (ze) at the final redshift, ze, is obtained
we directly have Tz(zs) = TCMB(zs)
[
1 − ∆ργ(ze)/ρplγ (ze)
]1/4 ≡ Te(zs)
as the initial temperature of the CMB blackbody at zs. This pro-
cedure was explained in more detail by Chluba & Sunyaev (2012)
and implies Tref ≡ TCMB
[
1 − ∆ργ(ze)/ρplγ (ze)
]1/4
for our computa-
tion. It simply means that we start with a blackbody which has an
effective temperature lowered by ≃ 14∆ργ/ρ
pl
γ , so that after adding
the total amount of released energy that ends up in the photon field
we get the final CMB temperature equal to TCMB.
Using CosmoTherm we ensure that total energy is conserved
to very high precision. One simple way to confirm the precision
of the computation is to check if after the full evolution the final
effective temperature of the photon field reaches TCMB. Notice that
although the heat capacity of baryonic matter is rather small, at the
end a fraction of the released energy leads to heating of matter, but
no net entropy production. This is especially noticeable in the case
of uniform heating, i.e., ˙Q , 1 in Eq. (53).
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Figure 10. Comparison of different estimates for the heating rates during
the different cosmological epochs for nS = 0.96. The blue/dash-dotted line
shows the estimate from Chluba & Sunyaev (2012), while the red/dashed
line gives the approximation of Khatri et al. (2012). The solid black line is
the result obtained here. The dashed/black line shows the heating rate for
the balanced injection scenario (Sect. 6.2).
6.1 Comparison with previous computations
Recently, Chluba & Sunyaev (2012) used the estimates derived
from the classical formula to compute the CMB spectral distor-
tion caused by acoustic damping and BE condensation of photons.
Here we compare the results of our more detailed computation with
those obtained by Chluba & Sunyaev (2012). In Fig. 9 we consider
the case nS = 0.96 and nrun = 0, as example. We present the bright-
ness temperature, T (xγ) = Tzxγ/ ln[1+ n(xγ)], relative to TCMB as a
function of frequency. The thermalization problem is solved start-
ing at zs = 4 × 107 and ending at zs = 200 using CosmoTherm. As
the figure indicates, the amplitudes of the µ and y-type contributions
are rather similar in both approaches, however, at low frequencies
the distortion is very different. In Chluba & Sunyaev (2012) the ef-
fective heating rate caused by the dissipation of acoustic modes was
parametrized by
d
dz
|Qac|
ργ
≈ F (nS) [1 + z](3nS−5)/2, (54)
with F (x) ≈ 5.2×10−9 x−2.1 [0.045]x−1 for x ≃ 1 (see Fig. 10). This
expression is based on the formulae given by Hu et al. (1994a),
where the power spectrum normalization was obtained by calcu-
lating the rms fluctuation on 10 degree scales. This method gives
a slightly lower normalization compared to the detailed fit of the
power spectrum used by WMAP (Bunn & White 1997). Clearly,
Eq. (54) is rather rough, but it does capture the basic scaling of the
effective heating rate with nS and redshift.
In the work of Chluba & Sunyaev (2012), this expression for
˙Q was used as heating for the matter. It was pointed out that this
approach does not reflect the physics of the dissipation problem.
However, especially at high redshifts, one expects no real differ-
ence in the effect on the spectrum, because energy exchange be-
tween photons and electrons is very rapid. At low redshifts on
the other hand this approach does make an important difference.
The above procedure actually overestimates the heating of baryonic
matter, so that the temperature of electrons was found to rise above
the temperature of the photon field (Chluba & Sunyaev 2012). One
reason for this is that the dissipated energy was assumed to di-
rectly heat the matter, but the other is that Eq. (54) breaks down
once free-streaming becomes important. Within the approach of
Chluba & Sunyaev (2012) this implies strong free-free emission at
low frequencies, which is absent in the correct, more detailed treat-
ment presented here.
In Fig. 10 we also show the effective heating rate as given
by Khatri et al. (2012). At high redshifts one can see the factor of
4/3 difference with respect to our detailed calculation. The post-
recombination evolution is also only captured approximately in this
approach using the free-streaming solution of the Boltzmann equa-
tion, but the second order Doppler effect is ignored. Using this rate
we obtain a slightly larger µ-type distortion as well as an overesti-
mated y-type contribution.
6.2 Balanced energy release in µ-era
The cooling of baryonic matter in the expanding Universe dimin-
ishes the net distortion of the CMB caused by the dissipation of
acoustic modes (Chluba & Sunyaev 2012). Depending on the ini-
tial power spectrum, Pζ(k), this can even lead to a complete cancel-
lation of the overall distortion from the µ-era (Khatri et al. 2012).
Adding the possibility for a running spectral index, the primordial
power spectrum can be parametrized as (Kosowsky & Turner 1995)
Pζ(k) = 2π2Aζk−3(k/k0)nS−1+ 12 nrun ln(k/k0), (55)
with nrun = dnS/ d ln k. As we will see, the total power that is dis-
sipated strongly depends on nrun and to a smaller extend on nS.
The dependence on Aζ is only linear, and also current constraints
indicate Aζ ≃ 2.4 × 10−9 (Komatsu et al. 2011; Dunkley et al.
2011; Keisler et al. 2011), which we use as the fiducial value.
Without running, the value for nS from WMAP7 alone is nS =
0.963±0.014, while with running the currently favoured values are
nS = 1.027 ± 0.051 and nrun = −0.034 ± 0.026 (Larson et al. 2011;
Komatsu et al. 2011). More recent measurements of the damping
tail of the CMB power spectrum by ACT (Dunkley et al. 2011) and
SPT (Keisler et al. 2011) yield7 nS = 1.017 ± 0.036 and nrun =
−0.024±0.015 and nS = 0.9758±0.0111 and nrun = −0.020±0.012,
respectively.
Using Eq. (45) it is possible to compute the total energy re-
lease, ∆ργ/ργ =
∫
(a4ργ)−1 dz(a4Q) dz, caused by acoustic damping
during the µ-era (5 × 104 . z . 2 × 106). Equating this with the
energy extracted by the adiabatically cooling matter one can deter-
mine a relation between nS and nrun for which the net µ-type distor-
tion is expected to vanish. The total energy extracted from the CMB
by the cooling of baryonic matter in the redshift range zs = 2 × 106
and ze = 5 × 104 is ∆ργ/ργ ≃ −5.6 × 10−10 ln(zs/ze) ≃ −2.1 × 10−9
(Chluba & Sunyaev 2012). For given value of nS this is balanced
by the energy release due to acoustic damping for
nbalrun ≈ −0.0336[1 + 5.22(nS − 1) + 0.58(nS − 1)2]. (56)
This estimate is valid in the range 0.5 ≤ nS ≤ 1.5. For nrun ≥ nbalrun
the net µ-type distortion has µ ≥ 0, while for nrun ≤ nbalrun the cooling
process dominates and the net distortion has µ ≤ 0.
As an example, the balanced injection scenario, nS = 0.96 and
nbalrun = −0.0265, is presented in Fig. 9 and 10. Indeed one can see
that the distortion has only a very small (negative) µ-type contri-
bution, and is dominated by free-free absorption at low frequencies
7 For both experiments we quote the constraint derived in combination with
WMAP7 + BAO + H0.
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Figure 11. Spectral distortion from acoustic damping and BE condensation
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any dissipation.
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Figure 12. Effective heating rates caused by the dissipation of acoustic
modes for nS = 1.027 and nrun = −0.01,−0.034,−0.05. The balanced sce-
nario is very close to nrun = −0.034.
and y-type distortion at high frequencies. Reducing nrun even fur-
ther one expects the µ-type contribution to approach the value with-
out extra dissipation. This value is set by the BE condensation of
photons caused by the adiabatic cooling process, which is close to
µBE ≃ −2.2 × 10−9 and depends on the total heat capacity of bary-
onic matter in the Universe (Chluba & Sunyaev 2012). This part of
the distortion can in principle be predicted with very high preci-
sion, which allows subtraction to isolate the µ-distortion caused by
the dissipation of acoustic modes.
6.2.1 WMAP7 case: an example for balanced energy release
From Eq. (56) it also follows that for nS = 1.027 and nrun = −0.034
from WMAP7 the net µ-type distortion should be rather close to
zero. For the SPT and ACT central values on the other hand a pos-
itive µ-type distortion is expected. In Figs. 11 and 12 we show the
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Figure 13. Snapshots of the spectral distortion at different redshift. We
show the balanced injection scenario for nS = 1.027 and nrun = −0.034.
distortion and heating rate for the WMAP7 case, as well as ex-
amples with larger and smaller values of nrun. For the best fit val-
ues for a running spectrum from WMAP7 the µ-distortion indeed
practically vanishes. For nrun = −0.05 the heating rate in the µ-era
greatly decreases, so that a negative µ distortion caused by BE con-
densation appears. On the other hand for nrun = −0.01 a significant
positive µ distortion is found. Also the y-type contribution changes
significantly, since the effective heating rate at z . 5×104 does vary
noticeably with nrun. The free-free absorption at low frequencies is
mainly caused by the cooling of matter during and after recombi-
nation, when Te < TCMB, and hence is practically unaffected by
changes in the acoustic dissipation process.
In Fig. 13 we show a sequence of the spectral distortion at dif-
ferent stages, illustrating the overall evolution. At high redshifts,
BE condensation of photons dominates and the distortions starts
out with µ < 0. At redshift z ≃ 4× 105 − 5× 105 the heating caused
by dissipation of acoustic modes starts dominating and µ slowly
approaches zero. Around z ≃ 6 × 104 − 7 × 104 one can see the de-
velopment of a y-type distortion at high frequencies, while at low
frequencies the spectrum reaches equilibrium with the electrons at
T ≃ Te . TCMB by the free-free process. The subsequent evolu-
tion further increases the y-type distortion because of superposition
of blackbodies with different temperatures, while the µ-distortion
practically disappears. The low frequency part is strongly domi-
nated by free-free absorption since Te < TCMB during and after hy-
drogen recombination. Notice that we zoomed in very significantly
to show the small distortion in detail (compare Fig. 11).
We also checked some additional balanced injection scenar-
ios and found the estimate given by Eq. (56) to work well even
for more extreme cases. Notice also that the negative y-type distor-
tion from BE condensation is always overcompensated by the posi-
tive y-distortion from the dissipation process. The effective heating
from acoustic waves for nS ≃ 1 is simply much larger than the
cooling effect, unless Aζ is decreased significantly.
6.3 Representation of the final spectrum
The net spectrum discussed in the previous sections has four main
contributions with respect to the initial blackbody, nPl(xγ) at tem-
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perature Tref (see also Chluba & Sunyaev 2012): (i) a free-free dis-
tortion, ∆nff = yff e−xγ/x3γ, which dominates at very low frequen-
cies; (ii) a temperature term, ∆nφ = G(xγ)∆φ; (iii) a µ-type dis-
tortion, ∆nµ = −G(xγ) µ(xγ)/xγ, with a characteristic dip in the
brightness temperature at low to intermediate frequencies; and (iv)
a y-type contribution, ∆ny = YSZ(xγ) ye, which is most important
at high frequencies. We now discuss different approximations and
their interpretation regarding the amount of energy release.
6.3.1 Low frequency free-free distortion
The free-free part is always very similar in all considered cases. It
only arises at rather low redshifts, where the dissipation of acoustic
modes already has little effect on the matter temperature and ev-
erything is determined by the adiabatic cooling process (e.g., see
Fig. 11). We find yff ≈ −2.5 × 10−12 to work rather well, however,
below we now focus on the high frequency distortion, for which the
free-free part does not contribute significantly.
6.3.2 Temperature shift and increased specific entropy
The temperature shift ∆φ = ∆T/Tref caused by energy release can
be determined by considering the total energetics of the problem.
Given the total energy release, ∆ργ/ργ, and integrating ∆n(xγ) ≈
∆nφ + ∆nµ + ∆ny over x
3
γ dxγ d2γˆ it is evident that at the end of the
evolution one should find
∆φ ≈ 1
4
∆ργ
ργ
+
ζ(3)
4ζ(4)µ∞ − ye. (57)
We neglected the free-free distortion, since it does not contribute
much to the total energy density. We also set µ(xγ) ≈ µ∞ ≡ const
for a similar reason. This expression shows that ∆φ depends on how
much of the injected energy was fully thermalized between the ini-
tial and final stages. However, the ∆ργ/ργ part of ∆φ is actually not
separable, as it corresponds to a pure temperature shift with respect
to the initial blackbody spectrum for which one does not have a di-
rect measurement. For the µ and y terms, the distortion parts allow
them to be discerned. If we compare to a blackbody with effective
temperature TCMB , Tref we have the remaining temperature term
∆ ˜φ ≈ ζ(3)
4ζ(4)µ∞ − ye. (58)
This part accounts for contributions to the total energy density of
the CMB spectrum from the µ- and y-distortion, which depend on
the specific definition for the spectral shape of these distortions:
using x = hν/kTCMB and adding all terms we have
∆n(x) = n(x) − nPl(x) ≈ ∆ ˜φG(x) − G(x) µ∞
x
+YSZ(x) ye
≡ M(x) µ∞ +Yalt(x) ye, (59)
with M(x) = G(x)[ζ(3)/4ζ(4) − 1/x] and Yalt(x) = YSZ(x) − G(x).
When taking the total energy density as a proxy for the effective
temperature of the CMB (our choice here), M(x) and Yalt(x) are
the µ and y-type spectral templates that can be directly compared
with observations. Notice that
∫
M(x)x3 dx =
∫
Yalt(x)x3 dx ≡ 0,
i.e. these types of distortion do not affect the total energy density of
the CMB. On the other hand, YSZ(x), is constructed such that the
total number density of photons is not affected (
∫
YSZ(x)x2 dx ≡ 0).
One can similarly find MN(x) = G(x)[ζ(2)/3ζ(3) − 1/x] for which∫
MN(x)x2 dx ≡ 0, however, we do not use this definition here.
Notice that the above statements are only a matter of present-
ing the spectrum obtained from the thermalization calculation. The
difference is just connected with the way TCMB is defined. In both
our calculation and the interpretation above, TCMB is equal to the ef-
fective temperature of the distorted CMB spectrum. Alternatively,
when using YSZ(x) andMN (x) as templates for the distortion parts,
the CMB temperature determined by simultaneously fitting a black-
body and the distortions would approximately be
˜TCMB = TCMB +
[
ζ(3)
4ζ(4) −
ζ(2)
3ζ(3)
]
µ∞ − ye, (60)
while when using the templates YSZ(x) and M(x) = −G(x)/x one
finds ˜TCMB = TCMB + ∆ ˜φ. To obtain a measurement of TCMB one
can use these expressions to interpret the result.
6.3.3 Effective µ and y-parameters
The µ and y-type contributions depend on the total energy release in
the related epochs. It is well known (Sunyaev & Zeldovich 1970c;
Danese & de Zotti 1982; Hu & Silk 1993a) that energy released at
redshifts z & 1.98×106 ≡ zµ is suppressed by the visibility function
for spectral distortions
Jbb(z) ≈ exp
(
−
[
z/zµ
]5/2)
. (61)
At z ≫ zµ all the released energy just increases the specific entropy
of the Universe, and hence only increases the average temperature
of the CMB without causing significant spectral distortions. The
weighted total energy release in the µ- and y-era is therefore
∆ργ
ργ
∣∣∣∣∣∣
µ
≈
∫ ∞
zµ,y
Jbb(z)
a4ργ
da4Q
dz dz (62a)
∆ργ
ργ
∣∣∣∣∣∣
y
≈
∫ zµ,y
0
1
a4ργ
da4Q
dz dz, (62b)
where zµ,y ≈ 5 × 104 (cf. Hu & Silk 1993a). With the simple ex-
pressions from Sunyaev & Zeldovich (1970c), µ∞ ≈ 1.4∆ργ/ργ|µ
and ye ≈ 14∆ργ/ργ|y, this can be directly used to estimate the
expected distortion at high frequencies. We emphasize again that
∆ργ/ργ |µ + ∆ργ/ργ|y , ∆ργ/ργ, since part of the released energy
does not appear as distortion but thermalizes, leading to ∆T/Tref ,
0. The shape of the distortion is given by Eq. (59) when comparing
the final spectrum to a blackbody with effective temperature TCMB.
6.3.4 Distortions from Bose-Einstein condensation of photons
For the µ-distortion introduced by BE condensation of photons the
above estimate implies µBE ≃ −2.7×10−9, which is a bit larger than
the value µBE ≃ −2.2 × 10−9 given by Chluba & Sunyaev (2012).
However, in Chluba & Sunyaev (2012) µBE was determined to best
approximate the low frequency part of the distortion. Indeed for
the high frequency part, around the crossover frequency of the y-
distortion, we find µBE ≃ −2.7×10−9 and ye = −6.8×10−10 to work
well (cf. Fig. 14). The total energy extraction caused by the cooling
process is ∆ργ/ργ ≃ −6.4 × 10−9, implying a change in the specific
entropy density of the CMB by ∆sγ/sγ ≃ 34∆ργ/ργ ≃ −4.8 × 10−9.
In Fig. 14 we also show the different frequency channels of PIXIE
and indicate the 1σ sensitivity band. The channels are separated
by ∆ν ≃ 15 GHz in the frequency range 30 GHz < ν < 6 THz
(Kogut et al. 2011). It is clear that the distortion caused by BE
condensation alone is below the currently proposed sensitivity of
PIXIE, however, we will give a more detailed discussion below.
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Figure 14. CMB distortion at high frequencies. The approximations are
explained in Sect. 6.3. For the case without dissipation µ∞ ≃ −2.7 × 10−9
and ye ≃ −6.8 × 10−10. The case nS = 0.96 and nrun = 0 is represented by
µ∞ ≃ 1.4 × 10−8 and ye ≃ 3.8 × 10−9. The balanced injection scenario is
well approximated by a pure y-distortion, µ∞ ≃ 0 and ye ≃ 1.8 × 10−9.
6.4 Numerical estimates for µ, y, and ∆ργ/ργ
Armed with the above formulae we can compute the expected val-
ues for µac, yac, and ∆ργ/ργ
∣∣∣
ac
caused by the dissipation of acous-
tic modes. For energy release well before recombination we can
use the simple approximations for the effective heating rate dis-
cussed in Sect. 5.1. However, using the same approximations in
the y-era the resulting y-parameter is overestimated by a factor of
≃ 2 − 3 in comparison with the perturbation code. This is because
the breakdown of the tight-coupling approximation and the begin-
ning of free-streaming are not captured correctly by these simple
expressions, which leads to a significantly higher effective heating
rate (see Fig. 10).
In Fig. 15 we show the numerical estimates obtained with our
perturbation code. One can see that the values depend strongly on
both nS and nrun. For all curves we used Aζ = 2.4 × 10−9, however,
the obtained values are directly proportional to this and can easily
be rescaled. The curves for µac shown in Fig. 15 can be represented
using the simple fitting formula
µac ≈ 5.54 × 10−4Aζ exp
(
9.92 γ0 n1.23γ1S + 47.2 nrun
)
,
γ0 = 1 + 2.91nrun + 23.6n2run,
γ1 = 1 − 0.2nrun − 17.8n2run, (63a)
which clearly indicates the strong dependence on nrun. The results
for the effective y-parameter are approximately given by
yac ≈ 2.85 × 10−2Aζ exp
(
4.32 γ0 n1.53γ1S + 3.51 γ2 nrun
)
,
γ0 = 1 + 4.68nrun + 22.8n2run,
γ1 = 1 − 1.24nrun − 14.2n2run,
γ2 = 1 − 7.7nrun, (63b)
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Figure 15. Approximate values for the chemical potential, µac, the Compton
y-parameter, yac, and total energy release, ∆ργ/ργ
∣∣∣
ac
, caused by the dissipa-
tion of acoustic modes in the redshift range 200 . z . 4 × 107 for different
values of nS and nrun. All curves are for Aζ = 2.4 × 10−9. The lines are
separated by ∆nrun = 0.01 (alternating solid/dashed). The dash-dotted/blue
line shows the negative chemical potential caused by BE condensation of
photons −µBE = 2.7 × 10−9. Models along that line correspond to balanced
injection scenarios (Sect. 6.2). In the central panel the dash-dotted/red line
indicates the approximate y-parameter yac for those cases.
and the total energy release can be represented with
∆ργ
ργ
∣∣∣∣∣∣
ac
≈ 2.78 × 10−1Aζ exp
(
4.54 γ0 n2.5γ1S + 3.14 γ2 nrun
)
,
γ0 = 1 + 32.9nrun + 792n2run − 1677n3run ,
γ1 = 1 − 6.5nrun − 294n2run + 1173n3run,
γ2 = 1 + 35.8nrun − 147n2run − 7025n3run . (63c)
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Figure 16. CMB distortion at high frequencies for nS = 1 and different val-
ues of nrun. The approximations are explained in Sect. 6.3, with parameters
given in Table 1.
Table 1. Values for µ and y for different cases. µest and yest were obtained
with Eq. 63. For the approximations in the figures we used µest and ye,
where ye was determined to improve the match with the numerical result.
The typical difference between ye and yest is 10% − 15%.
(nS, nrun) µest yest ye
(1, 0) 2.4 × 10−8 4.5 × 10−9 5.1 × 10−9
(1,−0.01) 1.0 × 10−8 3.4 × 10−9 4.0 × 10−9
(1,−0.02) 3.8 × 10−9 2.6 × 10−9 3.0 × 10−9
(1,−0.03) 7.1 × 10−10 2.0 × 10−9 2.3 × 10−9
The formula for µac works best, while the one for ∆ργ/ργ |ac has the
poorest performance. The typical agreement with the full numerical
computation is 5%− 10%. Although one execution of the perturba-
tion code does not take very long, these simple formulae should be
very useful for estimates.
6.4.1 Comparison with CosmoTherm
To confirm the precision of the simple approximation for µac and
yac, we directly compare with the output from the thermalization
code, CosmoTherm. In Fig. 14 we show the cases (nS, nrun) =
(0.96, 0), and (0.96,−0.0265). The latter corresponds to a balanced
injection scenario. Notice that one expects µ∞ = µac + µBE and
ye = yac + yBE. For (nS, nrun) = (0.96, 0) using the simple fit-
ting formulae we find µ∞ ≃ 1.4 × 10−8 and ye ≃ 3.3 × 10−9. For
(nS, nrun) = (0.96,−0.0265) we have µ∞ ≃ 0 and ye ≃ 1.6 × 10−9.
In both cases, the value for µ∞ is very close to the result obtained
with CosmoTherm, while the best fitting y-parameter is slightly un-
derestimated. Nevertheless the agreement is very good, and close
to the expected precision of the approximations. In Fig. 16 we il-
lustrate the performance of the approximation for additional cases
with nS = 1. Clearly a good representation of the numerical result
is found, however, the matching value for ye is typically underesti-
mated by 10% − 15%.
6.5 Observability with PIXIE
As our discussion indicates, the amplitude of the spectral distor-
tion caused by the dissipation of acoustic modes in the early Uni-
verse strongly depends on the parameters describing the primor-
dial power spectrum. The total power at scales 50 Mpc−1 . k .
104 Mpc−1 is crucial for the amplitude of the µ-distortion, while
power at k . 50 Mpc−1 affects the y-distortion part.
In terms of future observability it is also very important
to distinguish between the µ and y-parts: µ-type distortions can
only be introduced at early times, well before the recombina-
tion epoch, and, because of its peculiar spectral shape, should
be more easily separable from other distortions. One the other
hand, y-type distortions are also caused by several astrophysi-
cal processes at low redshifts. For example energy release be-
cause of supernovae (Oh et al. 2003), or shocks during large scale
structure formation (Sunyaev & Zeldovich 1972; Cen & Ostriker
1999; Miniati et al. 2000), have to be considered. Also, the ef-
fect of unresolved SZ clusters (Markevitch et al. 1991), the ther-
mal SZ effect and the second order Doppler effect from reioniza-
tion (e.g., see McQuinn et al. 2005, and references therein), and
the integrated signals from dusty galaxies (e.g., see Righi et al.
2008; Viero et al. 2009; Vieira et al. 2010; Dunkley et al. 2011;
Planck Collaboration et al. 2011) will contribute at a significant
level. These signals are orders of magnitudes larger, and hence ren-
der a measurement of the y-type distortion from the cosmological
dissipation process more difficult.
Let us take an optimistic point of view and just ask by what
factor the amplitude of the distortion exceeds the sensitivity of
PIXIE. According to Kogut et al. (2011), y ≃ 10−8 and µ ≃ 5×10−8
should be detectable at 5σ-level. In Fig. 14 and 16 we already in-
dicated the 1σ sensitivity level for some cases, however, using the
approximations of the previous section we can turn this into a pre-
diction for the possible limits on nS and nrun. In Fig. 17 we show the
results of this exercise. For the balanced energy release scenarios
the currently proposed sensitivities (Kogut et al. 2011) imply a null
detection for both µ and y-distortion. As pointed out by Khatri et al.
(2012), for fixed value of nS this still is a rather sensitive measure-
ment of nrun at very small scales, providing a strong upper limit.
Our analysis also shows that for nrun . nbalrun the distortion asymp-
totes towards the case without any dissipation, so that the effective
chemical potential is bounded by µ & −2.7×10−9. This implies that
the sensitivity of PIXIE would need to be increased by about one
order of magnitude to discern balanced injection scenarios from
cases with nrun ≪ nbalrun. At this level of sensitivity the cosmologi-
cal recombination spectrum (Dubrovich 1975; Chluba & Sunyaev
2006a; Sunyaev & Chluba 2009) also starts to contribute signifi-
cantly to the signal in the PIXIE bands. For detailed forecasts these
contributions should all be considered simultaneously.
From Fig. 17 we can also conclude that for the currently
favoured WMAP7 model without running, the µ-distortion might
be observable at the 1.5σ level, however, for the other models
shown only upper limits will be obtained, unless nrun lies in the up-
per part of the allowed 1σ range for these cases. When increasing
the sensitivity relative to PIXIE by one order of magnitude these
models should be distinguishable at the 1σ − 2σ level. Also, once
about ten times the sensitivity of PIXIE can be achieved, a lower
limit on nrun can be derived, since the distortion from BE conden-
sation of CMB photons becomes observable at the ≃ 2.7σ level.
The lower panel of Fig. 17 illustrates possible constraints de-
rived from PIXIE using information from the y-type distortion. For
the y-part itself no balanced injection scenario is expected in rea-
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Figure 17. Possible limits on nS and nrun derived from measurements of µ
and y-type distortions with PIXIE. The coloured regions show 1σ through
5σ detection limits. Models in agreement with WMAP7 (Komatsu et al.
2011), ACT (Dunkley et al. 2011) and SPT (Keisler et al. 2011) are indi-
cated. The dashed/black line shows models with balanced energy release
during the µ-era. Above this line the net µ-parameter caused by the dissipa-
tion and BE condensation process is expected to be positive, while below
the line it will be in the range −2.7 × 10−9 . µ . 0. Also in the upper
panel the dotted lines indicate how much the 1σ limit from µ would im-
prove with sensitivities increased by the annotated factors. Notice that for
10 times PIXIE sensitivity a lower bound appears, since the negative µ-
distortion from BE condensation of CMB photons becomes observable at
the ≃ 2.7σ level.
sonable ranges of parameters, because the heating by Silk-damping
is normally several times larger than the cooling from BE conden-
sation in the y-era. For the currently proposed sensitivity PIXIE is
slightly more sensitive to the y-distortion from the dissipation pro-
cess than the µ-part. However, as mentioned above, the y-distortion
part has several competing astrophysical processes at low redshifts
that make a separation more difficult. We mention that increasing
the sensitivity by a factor of ten relative to PIXIE could in principle
allow ≃ 5σ detections of the y-distortion caused by the damping of
acoustic waves for all models shown in Fig. 17.
In this work we have only considered the simplest
parametrization of the primordial power spectrum, allowing run-
ning of the spectral index, nS. However, given the large va-
riety of inflationary models (some examples of possible in-
terest are Mukhanov & Chibisov 1981; Silk & Turner 1987;
Salopek et al. 1989; Lehners et al. 2007; Ben-Dayan & Brustein
2010; Barnaby et al. 2012), the energy release in the µ- and y-era
can differ by a large amount. Models with extra power on scales
50 Mpc−1 . k . 104 Mpc−1, corresponding to the photon diffusion
scale at z ≃ 5 × 104 to z ≃ 2 × 106, will enhance the chemical po-
tential distortion, while suppression of power on these scales leads
to less energy release. Measurements of the CMB spectrum may
therefore allow constraints on inflationary models at scales well be-
low those of the CMB today. The amplitude of the net µ-distortion
is therefore very uncertain and could even be several times larger.
However, a detailed analysis for more exotic inflationary models is
beyond the scope of this paper.
We also mention that to give the source terms for the aver-
age distortion in second order perturbation theory one has to com-
pute ensemble averages. This implies that predictions for the asso-
ciated spectral distortions are in principle limited by cosmic vari-
ance. However, the dissipation of perturbations happens close to the
diffusion length, which at high redshifts is about two orders of mag-
nitude smaller than the horizon, such that cosmic variance on these
scales is negligible. On the other hand, during and after hydrogen
recombination the y-type distortions get contributions from scales
up to the horizon. These contributions will have cosmic variance
similar to the CMB power spectrum on these scales. However y-
type distortions generated after recombination, in particular during
reionization due to thermal SZ and second order Doppler effects,
are expected to be more than an order of magnitude larger, and sep-
arating the contribution of Silk damping would be challenging in
any case. Thus for y-type distortions uncertainties in the low red-
shift contributions by far outweigh cosmic variance.
7 SUMMARY
We have presented, for the first time, a consistent and accurate cal-
culation for the spectral distortions of the CMB arising from the
dissipation of acoustic waves (Silk damping) in the early Universe.
All previous calculations (except for Daly 1991) used the classical
expression for energy density stored by acoustic waves in the radi-
ation part of the primordial plasma, which turns out to omit some
details. Here we derive the evolution equation for the average CMB
spectral distortions including uniform heating of baryonic matter
and accounting for the effect of perturbations in the cosmological
medium. We consistently treat the problem in second order pertur-
bation theory considering second order Compton energy exchange
for the Boltzmann collision term. The final evolution equation has
order 2×2 and is discussed in Sect. 6.
Unlike in first order perturbation theory, the frequency-
dependence of the second order Boltzmann equation cannot be di-
rectly factored out. We show, however, that a separation can be
found using a definition of spectral distortions based on photon
number conservation. With this definition only y-type distortion
terms are present in the second order Boltzmann equation. Thus
multiplying the Boltzmann equation by x2 and integrating over x
makes the distortion vanish. The frequency-dependence of the sur-
viving, pure temperature perturbation factors out (similar to to the
case for the first order Boltzmann equation). After making use of
the equation obtained above to isolate the pure temperature part,
we also obtain an evolution equation for the y-part, in which again
the frequency-dependence factors out. We utilize this procedure to
separate the full 2×2 Boltzmann equation into evolution equations
for pure spectral distortions and second order average temperature.
Our detailed derivation (Appendix C) of the Boltzmann colli-
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sion term starts with the Lorentz-boosted Boltzmann equation to in-
clude the effect of bulk motions. However, eventually we use a sim-
pler, more compact approach based on direct Lorentz transforma-
tions of the generalized Kompaneets equation, Eq. (C19), which in-
cludes the effect of energy exchange on the dipole through octupole
anisotropy. As we prove here, in a similar way one can derive all
second order terms of the Boltzmann collision integral which have
been previously discussed in the literature (e.g., Hu et al. 1994b;
Bartolo et al. 2007) by just using Lorentz transformations of the
simple Thomson scattering collision term, Eq. (C15). We also pro-
vide an approximate treatment of second order corrections to the
BR and DC process (Sect. D).
To arrive at the final evolution equation, Eq. (52), we consider
the zeroth, first and second order thermalization problems in a step-
by-step manner (Sect. 4). We demonstrate that in first order pertur-
bation theory spatial-spectral distortions appear if uniform distor-
tions were created in zeroth order. In the future these distortion
might allow constraints to be places on new physics responsible for
uniform energy release and spectral distortions in the early Uni-
verse. An average distortion of the order of 10−5 − 10−6 during re-
combination could result in spatial-spectral perturbations of order
≃ 10−10 that dominate over the second order spatial-spectral pertur-
bations, part of which was calculated by Pitrou et al. (2010).
In second order perturbation theory we are only interested in
the average distortion, since spatial-spectral contributions have a
much smaller amplitude ≃ 10−12 − 10−11. We provide a full mi-
crophysical description of how perturbations in the cosmological
fluid affect the average CMB spectrum. The creation of distortions
by the dissipation of acoustic waves is explained in simple words
in Sect. 2, but the most important aspects can be understood as
follows: anisotropies of the photon temperature cause an increase
of the CMB energy density by ∆ργ/ργ ≃ 6
∑∞
l=0(2l + 1)
〈
( ˆΘ(1)l )2
〉
at every moment. This energy density changes slowly with time
as temperature anisotropies are erased on small scales by Silk-
damping causing energy release. Locally the dominant effect is
that of mixing of blackbodies of different temperatures (mostly in
the quadrupole at early times) by Thomson scattering. This mixing
isotropizes the radiation in the rest frame of the electrons and trans-
fers energy which is stored in temperature anisotropies or acoustic
waves to the average/isotropic component of the radiation. 2/3 of
this energy just raises the average temperature of the CMB and is
unobservable. The observable 1/3 of this acoustic energy gives rise
to an instantaneous y-type distortion which evolves towards equi-
librium by comptonization and photon production. The final spec-
trum is a mixture of y-type and µ-type distortions. The influence
of gravity and gradients in the photon fluid lead to an additional
increase in the average temperature of the CMB, but no distortion
(see Eq. 34). This increase is again not directly measurable.
The final µ-type spectral distortions depend sensitively on
the amplitude of the primordial power spectrum in the comoving
wavenumber range of 50 Mpc−1 . k . 104 Mpc−1. These primor-
dial perturbations are completely destroyed by Silk damping and
the CMB spectral distortion is their only observable imprint. Mea-
surement of spectral distortions thus provides a new probe of cos-
mological initial conditions which is complementary to other cos-
mological probes. A measurement of the primordial power spec-
trum on such small scales may allow us to shed light on aspects of
high energy physics (e.g. inflation or dark matter physics) respon-
sible for creating the initial conditions which are otherwise hard to
constrain. We mention that here our analysis was focused on curva-
ture perturbations, however, the expressions obtained here can be
generalized to iso-curvature perturbations.
The adiabatic cooling of baryons creates a distortion which
has an opposite sign to those caused by Silk damping. The ampli-
tude of this distortion is µBE ≃ −2.7 × 10−9, which is relatively
stable to changes in cosmological parameters within the current er-
ror bars. At an experimental sensitivity level of ∆I/I ≃ 10−9 one
should be able to detect this signature of Bose-Einstein condensa-
tion of photons in the CMB spectrum. This distortion partially can-
cels the distortion caused by the dissipation of acoustic waves in
the early Universe, however, the net effect strongly depends on the
values for nS and nrun (see Fig. 15). PIXIE (Kogut et al. 2011) has
a 5σ detection limit of 5× 10−8 for µ, so that for currently favoured
models with running, null-detections are expected (see projected
constraints on parameter space in Fig. 17). This in itself is a very
sensitive measurement of the initial perturbation power on small
scales, and for given nS it provides a strong upper limit on nrun. Im-
proving the sensitivity of PIXIE by about one order of magnitude
could, however, allow us to distinguish these models from cases
with balanced energy release during the µ-era (Sect. 6.2).
Achieving a sensitivity of ∆I/I ≃ 10−9 requires subtraction of
foregrounds due to synchrotron emission, free-free emission, dust
emission, and spinning dust emission at the same precision level.
The simulations for PIXIE indicate that an accuracy of 1 nK may
in principle be achievable in foreground subtraction (Kogut et al.
2011). There is however substantial uncertainty in our understand-
ing of foregrounds and possible systematics, as indicated by an
observed excess signal at ≃ 3 GHz by ARCADE (Fixsen et al.
2011), which is not completely explained by the current galactic
and extragalactic emission models. Nevertheless, given the impor-
tant physics that can be learned from a measurement of primordial
power on extremely small scales, a case can be made for attempting
to increase the sensitivity of experiments like PIXIE.
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APPENDIX A: FUNCTIONS G, Y, YSZ, AND SOME OF
THEIR PROPERTIES
In the formulation of the thermalization problem one encounters
the functions G and Y which are defined as
G(xγ) ≡
xγ e
xγ
[exγ − 1]2 = −xγ ∂xγnPl(xγ) = xγnPl[1 + nPl],
Y(xγ) ≡ 12 G(xγ) xγ
exγ + 1
exγ − 1 =
1
2
G(xγ) xγ[1 + 2nPl], (A1)
where nPl = 1/(exγ − 1) is the occupation number of a blackbody.
The function G(xγ) has the shape of temperature perturbations to
the blackbody spectrum, while Y(xγ) exhibits a y-type behaviour.
In the limit of xγ → 0 one has Y(xγ) ≃ G(xγ)/2 and G(xγ) ≃ 1/xγ,
while for xγ ≫ 1 one has Y(xγ) ≃ G(xγ) xγ/2 and G(xγ) ≃ xγe−xγ .
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To separate parts that are related to temperature perturbations
(∝ G) and real spectral distortions it is convenient to define
Y(xγ) = 12 YSZ(xγ) + 2G(xγ)
Yt(xγ) = Y(xγ) − G(xγ) = 12 YSZ(xγ) + G(xγ)
YSZ(xγ) = 2[Y(xγ) − 2G(xγ)]. (A2)
In particular YSZ is important since it characterizes redistribution
of photons over energy, without affecting the total number of pho-
tons. YSZ is also known in connection with the thermal SZ effect of
galaxy clusters (Zeldovich & Sunyaev 1969), and has the spectral
shape of a y-distortion. For the first derivative of G one finds
xγ∂xγG(xγ) = G(xγ) − 2Y(xγ) = −3G(xγ) − YSZ(xγ). (A3)
Additional handy relations for derivatives of the nPl are
xγ∂xγnPl = −G (A4a)
x2γ∂
2
xγ
nPl = +xγGA ≡ 2Y (A4b)
x3γ∂
3
xγ
nPl = −xγG
[
6G + xγ
]
(A4c)
x4γ∂
4
xγ
nPl = +x
2
γG
[
12G + xγ
]
A, (A4d)
with A(x) = 1 + 2nPl(x) = (ex + 1)/(ex − 1) = coth(x/2).
A1 Useful relations for the diffusion operator
In the derivation of the Boltzmann collision term one encounters
terms with different orders of derivatives of the photon occupa-
tion number. Since the scattering process conserves the number
of photons the differential operators should have the generic form
x−2∂xO[n], because then
∫
x2(x−2∂xO[n]) dx = 0. It is therefore
useful to write all derivatives in this way.
From the normal Kompaneets equation (Kompaneets 1956;
Weymann 1965) we already know that the normal diffusion oper-
ator has the form Dx = x−2∂x x4∂x. We also expect that terms like
DxγG = −Dxγ xγ∂xγnPl and DxγYSZ = DxγDxγnPl should appear,
the latter two being third and fourth order in terms of the deriva-
tives of the photon distribution. Therefore we give the useful oper-
ator relations
x2∂2x = Dx − 4x∂x (A5a)
x3∂3x = Dx x∂x − 6Dx + 20x∂x (A5b)
x4∂4x = DxDx − 12Dx x∂x + 38Dx − 120x∂x . (A5c)
From this is also follows that
x2γ∂
2
xγ
nPl = YSZ + 4G (A6a)
x3γ∂
3
xγ
nPl = −DxγG − 6YSZ − 20G (A6b)
x4γ∂
4
xγ
nPl = DxγYSZ + 12DxγG + 38YSZ + 120G, (A6c)
where we simply applied the operators on a Planck spectrum. To-
gether with Eq. (A4) this also implies
Dxγ nPl = xγGA − 4G ≡ YSZ (A7a)
DxγG = −6YSZ − 20G + xγG
(
6G + xγ
)
(A7b)
DxγYSZ = 34YSZ + 120G
+ 12xγG2
[
xγA − 6
]
+ x2γG
[
xγA − 12
]
, (A7c)
and
∂xγG(xγ) + G(xγ)A = −∂xγnPl (A8a)
1
x2γ
∂xγ x
4
γ
{
∂xγG(xγ) + G(xγ)A
}
= −YSZ. (A8b)
These expression are rather useful when rearranging terms of the
Boltzmann equation. In addition we encounter the functions
H = −1
2
D∗xγ
{
∂xγYSZ(xγ) +YSZA
}
(A9a)
E = 2xγG[G +YSZ] ≡ −D∗xγG2 (A9b)
B = xγ[A − G] (A9c)
DxγG = YSZ +H + E, (A9d)
with D∗xγ = x−2γ ∂xγ x4γ. In particular the last relation is useful.
A2 Some integrals of G, YSZ, H and E
In our discussion we need the integrals of G, YSZ, H and E over
x2γ dxγ and x3γ dxγ. For the integrals over x2γ dxγ one has∫
YSZ(xγ)x2γ dxγ =
∫
H(xγ)x2γ dxγ =
∫
E(xγ)x2γ dxγ = 0∫
G(xγ)x2γ dxγ = 6ζ(3) = 3Gpl2 ≈ 7.2123, (A10)
where ζ(n) is the Riemann ζ-function. This property of G and YSZ
allows us to define a separation of spectral distortions from temper-
ature distortions (Sect. 4.3).
Defining J = 4π415 ≡ 4G
pl
3 , it is also easy to show that∫
G(xγ)x3γ dxγ =
∫
YSZ(xγ)x3γ dxγ = J ≈ 25.976∫
H(xγ)x3γ dxγ =
(
10π2
21
− 2
)
J ≈ 2.70J
∫
E(xγ)x3γ dxγ =
(
5 − 10π
2
21
)
J ≈ 0.30J . (A11)
These integrals become important when considering the energy ex-
change between electrons and photons in second order perturbation
theory. We also note that
∫
H(xγ)x3γ dxγ +
∫
E(xγ)x3γ dxγ ≡ 3J .
APPENDIX B: RELATIONS FOR SPHERICAL
HARMONIC COEFFICIENTS
B1 Projections of µ n(ν, γˆ) and µ2 n(ν, γˆ)
When decomposing the Boltzmann equation into spherical harmon-
ics we have to compute the projections [µ n(ν, γˆ)]lm. Introducing
cl,m =
√
(l2 − m2)/(4l2 − 1) it is straightforward to show that
[µ n(ν, γˆ)]lm = cl,m nl−1,m + cl+1,m nl+1,m
[µYl′m′ (γˆ)]lm = δmm′ [δl−1,l′cl,m + δl+1,l′cl+1,m] . (B1)
Here nlm denotes the spherical harmonic coefficients of the photon
occupation number. A few examples are [µ n(ν, γˆ)]00 = n10/
√
3,
[µ n(ν, γˆ)]10 = n00/
√
3 + 2n20/
√
15, and [µ n(ν, γˆ)]1±1 = n2±1/
√
5.
In addition we need the projections [µ2 n(ν, γˆ)]lm, which are
easily shown to be
[µ2 n(ν, γˆ)]lm = dl,m nl−2,m +
[
c2l,m + c
2
l+1,m
]
nl,m + dl+2,m nl+2,m
[µ2 Yl′m′ (γˆ)]lm = δmm′
[
δl−2,l′dl,m + δl,l′
(
c2l,m + c
2
l+1,m
)]
+ δmm′δl+2,l′dl+2,mnl′ ,m′ (B2)
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using Eq. (B1) and defining dl,m ≡ cl−1,m cl,m. A few examples
are, [µ2 n(ν, γˆ)]00 = n00/3 + 2n20/[3
√
5], [µ2 n(ν, γˆ)]10 = 3n10/5 +
2
√
3 n30/[5
√
7], and [µ2 n(ν, γˆ)]11 = n11/5 + 2
√
2 n31/[5
√
7].
It turns out that most of the terms of the collision integral ∝ βp
and ∝ β2p can be neatly expressed using cl,m and dl,m. This is be-
cause physically bulk motion of the electrons leads to the relativis-
tic aberration effect and Doppler boosting, which, when the z-axis
is aligned with the bulk velocity vector, just results in mixing of
spherical harmonic coefficients (l,m) with (l± 1,m) to first order in
βp, and (l ± 2,m) in O(β2p). In essence this leads to coupling coef-
ficients of the form cl,m and dl,m (Challinor & van Leeuwen 2002;
Kosowsky & Kahniashvili 2011; Amendola et al. 2011; Chluba
2011), which alternatively can be expressed in terms of Wigner-3J
symbols (Abramowitz & Stegun 1972).
B2 Lorentz transformation of the photon occupation number
The photon occupation number is Lorentz invariant. We therefore
have n′(ν′, γˆ′) ≡ n(ν(ν′ , γˆ′), γˆ(γˆ′)), where in this section a prime
denotes the quantities in the moving frame. Aligning the peculiar
velocity vector, βp, with the z-axis means ν = γpν′(1 + βpµ′) and
µ = (µ′ + βp)/(1 + βpµ′). Therefore one can write
n′(ν′, µ′) ≈ n(ν′ , µ′) + βp∂βp n(ν, µ) +
1
2
β2p∂
2
βp n(ν, µ) (B3)
up to second order in βp. To first order in βp we have
βp∂βp n(ν, µ) ≈ ∂ν′n(ν′, µ′) βp∂βpν′ + ∂µ′n(ν′, µ′) βp∂βpµ
≈ βpµ′ ν′∂ν′n(ν′, µ′) + βp(1 − µ′2) ∂µ′n(ν′ , µ′). (B4)
With the identity (1− µ2)∂µYlm(µ) = (2l+ 1)cl,mYl−1,m(µ)− l µYlm(µ)
this directly means
[βp∂βp n(ν, µ)]lm ≈ βp
[
cl,m ν
′∂ν′nl−1,m + cl+1,m ν
′∂ν′nl+1,m
] (B5)
+ βp
[(l + 2)cl+1,mnl+1,m − (l − 1) cl,mnl−1,m] .
Terms ∝ β2p are second order in perturbation theory. We therefore
only need those contributions that arise from the monopole of the
photon distribution. This implies that consistent up to second order
perturbation theory we find
n′lm(ν′) ≈ nlm + δl0
β2p
2
[
ν′∂ν′ +
1
3 ν
′2∂2ν′
]
n00 + δl2δm0
β2p
2
d20 ν′2∂2ν′n00
− βp cl,m [(l − 1) − ν′∂ν′ ] nl−1,m
+ βp cl+1,m
[(l + 2) + ν′∂ν′ ] nl+1,m. (B6)
A few examples for the transformed photon distribution are
n′00(ν′) ≈ n00 + βpc10
[
2 + ν′∂ν′
]
n10 +
β2p
6
[Dν′ − ν′∂ν′ ] n00,
n′1m(ν′) ≈ n1m + βpc10ν′∂ν′n00 + βpc2m
[
3 + ν′∂ν′
]
n2m
n′2m(ν′) ≈ n2m − βpc2m
[
1 − ν′∂ν′ ] n1m + βpc3m [4 + ν′∂ν′ ] n3m
+
β2p
2
d20
[Dν′ − 4ν′∂ν′ ] n00 (B7)
n′3m(ν′) ≈ n3m − βpc3m
[
2 − ν′∂ν′ ] n2m + βpc4m [5 + ν′∂ν′ ] n4m.
These expressions are useful for deriving parts of the Boltzmann
collision term using explicit Lorentz transformations. One simpli-
fying aspect is that ν′∂ν′ and Dν′ are Lorentz invariant.
APPENDIX C: ANISOTROPIC COMPTON SCATTERING
In this section we present a derivation of the kinetic equation
for Compton scattering of initially anisotropic photons by thermal
electrons. We use the Lorentz-boosted Boltzmann equation to in-
clude bulk motion. A similar formalism was applied to derive rel-
ativistic corrections to the SZ effect (Challinor & Lasenby 1998;
Itoh et al. 1998; Sazonov & Sunyaev 1998; Nozawa et al. 1998a;
Challinor et al. 2000; Chluba et al. 2005).
The bulk flow effectively makes the electron distribution func-
tion anisotropic in the Newtonian frame. Alternatively one can also
think of this problem in the rest frame of the moving volume el-
ement. In this case the CMB has to be transformed into the mov-
ing frame, so that because of aberration and Doppler boosting the
multipoles l = 0, 1, 2, 3 and 4 are expected to couple directly to the
scattering cross section in second order of the bulk velocity (Chluba
2011). This view allows one to obtain all kinematic terms using ap-
propriate Lorentz transformations of the Boltzmann collision term
and photon phase space distribution in and out of the moving frame.
We use this alternative approach to explicitly confirm our expres-
sions. In particular, we show that all velocity-dependent contri-
butions to the collision term, which were discussed in second or-
der perturbation theory thus far (e.g. Hu et al. 1994b; Bartolo et al.
2007), can be derived just from the simple result for Thomson scat-
tering, without requiring any additional integrals or Taylor expan-
sions of the scattering cross section and distribution functions.
To develop a coherent picture we first summarize the ba-
sic equations used in this derivation although some of these
can be found in earlier publications (e.g., see Hu et al. 1994b;
Bartolo et al. 2007). However, here we obtain a generalization of
the Kompaneets equation, finding that the monopole through oc-
tupole are affected by the thermal motions of electrons. We also
derive additional terms that reflect the correct gauge-dependence
of the collision term in second order perturbation theory.
C1 Transforming of the electron distribution function
One of the important ingredients for the computation of the Boltz-
mann collision term is the distribution function for the electron mo-
menta. In the rest frame of the moving volume element the elec-
trons have a thermal phase space density that is isotropic and may
be described by a relativistic Maxwell-Boltzmann distribution,
fc(tc, xc,pc) = N
c
e e
−ǫc(pc)/θce
4π(mec)3K2(1/θce) θce
, (C1)
where K2(1/θce) is the modified Bessel function of second kind with
θce = kBT ce/mec2, where T ce is the electron temperature defined in the
rest frame of the moving element. Furthermore, Nce is the electron
number density and ǫc(pc) =
√
1 + η(pc)2 denotes the dimension-
less energy of the electrons with η(pc) = |pc|/mec = γβ. Notice that
T ce and Nce depend explicitly on the four-vector x
µ
c = (tc, xc) in the
rest frame of the moving volume element, while the energy ǫc only
depends on the modulus of the momentum vector pc.
If we assume that the volume element is moving with veloc-
ity βp relative to the CMB, then because the phase space density is
Lorentz invariant we have f (xµ,p) ≡ fc(xµc (xµ),pc(p)) in the New-
tonian frame, where xµc (xµ) and pc(p) are determined by Lorentz
transformations. In addition, one has to express Nce and T ce by vari-
ables that are defined in the Newtonian frame. Here one can think
of Nce and T ce as parameters which describe the electron distribution
function and only depend on xµc but not on pc. The transformation
of these parameters is non-trivial, in particular for the electron tem-
perature (see Sect. C1.1).
Since in the rest frame of the moving volume element the
momentum-dependence of fc only enters through the energy of
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the electron, it follows that f (xµ,p) ≈ fc(xµc (xµ), ǫ(p)), with en-
ergy ǫ(p) = γp
[
ǫc(p) − βp · η(p)
]
, where γp = (1 − β2p)−1/2 denotes
the gamma factor related to the bulk velocity. We note that βp is a
function of position x and t but we suppress this dependence here.
C1.1 Expressing Nce and T ce in the Newtonian frame
Let us assume that in the Newtonian frame we can directly give
Ne(t, x), for example by Ne(t, x) ∝ Nb, where Nb is the baryon den-
sity which is calculated using cosmological perturbation theory. If
we integrate f (t, x, p) over d3 p it is straightforward to show that
Nce (tc, xc) ≡ Ne(t, x)/γp. As this relation indicates, for Ne bulk mo-
tion only matters at second order in βp.
In the next step we express T ce using variables that we have at
our disposal in the Newtonian frame. Using the energy-momentum
tensor of the electron gas it is easy to show that the energy density
of the electrons in the Newtonian frame is (cf. also Ju¨ttner 1911)
ρe = γ
2
p
[
ρce + β
2
pP
c
e
]
≈ γpNemec2
[
1 +
(
3
2
+ β2p
)
θce
]
. (C2)
This expression in principle can be used to determine θce, however,
in the standard perturbation calculations ρe is usually not computed
explicitly, and since in the Newtonian frame it is no longer possible
to simply write ρe = Nemec2
[
1 + 32 θe
]
in all perturbation orders,
Eq. (C2) does not help much. However, we see that only to second
order in βp do differences arise to the case βp = 0. We therefore
only need to include the effect of motion on θce in second order
perturbation theory, but are allowed to set θce ≈ θe in zeroth and first
order perturbation theory.
In zeroth order perturbation theory the temperature of the elec-
trons and baryons in the Newtonian frame is affected by (i) adia-
batic cooling because of the universal expansion, (ii) possible heat-
ing of the matter by global sources of energy release, and (iii) the
Compton interaction with the (distorted) background photon field.
The evolution of θ(0)e ≡ θc,(0)e in this case can be explicitly computed,
depending on the global thermal history of the Universe (e.g., see
Chluba & Sunyaev 2012). At high redshifts it is clear that the mat-
ter temperature always is very close to the Compton equilibrium
temperature, T C,eqe , while at z . 800 photons and baryons start de-
coupling, allowing the electron temperature to differ from T C,eqe .
In higher perturbation orders it is sufficient to assume that the
matter temperature always reaches Compton equilibrium with the
local (distorted) radiation field. This is because once this assump-
tion is no longer justified the dominant correction to the electron
temperature is already captured by the zeroth order solution, θ(0)e .
We therefore can use the quasi-stationary approximation to deter-
mine both θc,(1)e and θc,(2)e
For situations without extra energy release one locally has
θ
c,(1)
e ≈ θzΘ(1)0 for electrons inside a moving volume element, while
with spatially varying energy release distortions of the local radia-
tion field also matter (see Sect. 4.2). In second order perturbation
theory it is also straightforward to give an expression for θc,(2)e (see
Sect. 4.3). For convenience we shall just set θce ≡ θe in the discus-
sion below, bearing in mind that the local electron temperature in
the moving frame is required, which in second order perturbation
theory does make a difference ≃ β2p.
With these comments in mind the final distribution function
for the electrons in the Newtonian frame is given by
f (xµ, p) = Ne e
−ǫ(p)/θe
4πγp(mec)3K2(1/θe) θe , (C3)
with ǫ(p) = γp
[
ǫc(p) − βp · η(p)
]
. We emphasize again that to sec-
ond order in βp the relation for the electron temperature θe de-
pends on the chosen reference frame, but its value can be read-
ily determined in the different perturbation orders. This expression
is consistent with the one used in Sazonov & Sunyaev (1998). In
Nozawa et al. (1998a) the factor 1/γp is absent, since there the elec-
tron density measured in the cluster frame is used throughout.
C2 General form of the Boltzmann collision term for
Compton scattering
To describe the time evolution of the photon phase space density
n(t, ν, x, γˆ) at frequency ν in the direction γˆ and spatial coordinate
x under Compton scattering we need the Boltzmann collision term
∂n(t, ν, x, γˆ)
∂t
∣∣∣∣∣
scatt
= c
∫
dσ
dΩ′ F d
2γˆ′ d3 p, (C4)
where d2γˆ′ is the solid angle of the incoming photon and dσ/ dΩ′
denotes the differential Compton scattering cross section,
dσ
dΩ′
=
3σT
16π
[
ν′
ν
]2 X
γ2(1 − βµ) . (C5)
Here γ = 1/
√
1 − β2 is the usual Lorentz factor, β is the dimension-
less velocity of the incoming electron, µ = ˆβ · γˆ is the cosine of the
angle between the incoming electron and photon, σT is the Thomp-
son cross section and the squared matrix element reads (e.g., see
Jauch & Rohrlich 1976)
X =
κ
κ′
+
κ′
κ
+ 2
[
1
κ
− 1
κ′
]
+
[
1
κ
− 1
κ′
]2
, (C6)
where for convenience the abbreviations
κ = ν˜ γ(1 − βµ) (C7a)
κ′ = ν˜′γ(1 − βµ′) (C7b)
ν′
ν
=
1 − βµ
1 − βµ′ + ν˜
γ
(1 − µs)
(C7c)
were introduced. Furthermore, ν˜ = hν
mec2
and ˜ν′ = hν′
mec2
are the di-
mensionless energies of the incoming and outgoing photon respec-
tively, µ′ = ˆβ · γˆ′ is the cosine of the angle between the incoming
electron and outgoing photon and µs = γˆ · γˆ′ is the cosine of the
scattering angle between the incoming and outgoing photon.
We assume that the temperature of the electron gas obeys
kBTe ≪ mec2. Therefore Fermi-blocking is negligible and the sta-
tistical factor F may be written as
F = f ′ n′(1 + n) − f n(1 + n′), (C8)
where the abbreviations f = f (p, x), f ′ = f (p′, x) for the electron
and n = n(ν, x, γˆ), n′ = n(ν′, x, γˆ′) for the photon phase space
densities were introduced.
With Eq. (C3) the statistical factor can be rewritten in the form
F = f
[
e∆ye n′(1 + n) − n(1 + n′)
]
, (C9)
where we defined xe = hνkBTe , ∆xe = x
′
e − xe and
∆ye = γp∆xe(1 − βp · γˆ′) + γp xe βp · (γˆ − γˆ′). (C10)
The next step is to rewrite the collision term to include the effect of
energy transfer in different orders.
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C2.1 Rewriting the collision term for small energy transfer
Physically we are interested in the scattering terms up to second
order in energy transfer in the rest frame of the moving volume
element (βp = 0). This means we are looking for terms O(1),
O(θe), and O(ν˜), describing Thomson scattering (no energy trans-
fer), Doppler boosting (∆ν/ν ∝ θe) and broadening (∆ν/ν ∝
√
θe),
as well as first order recoil and stimulated scattering terms (∆ν/ν ∝
ν˜). These are the physical effects that are required to obtain the
Kompaneets equation for an isotropic incident radiation field. In
particular, these terms ensure that a blackbody distribution is con-
served in full thermodynamic equilibrium. We neglect higher order
relativistic corrections which are ∝ θ2e , ∝ θeν˜, ∝ ν˜2 and higher, in
the rest frame of the moving volume element, as in terms of the
dimensionless frequency xe they are all at least O(θ2e).
In the Newtonian frame we are seeking to be consistent up
to second order in βp. This implies that we need to consider the
scattering process up to fourth order in the total electron momen-
tum η = |p|/mec, since the average of η4 over the relativistic
Maxwell Boltzmann distribution can give rise to terms ∝ β2pθe.
These terms are required to obtain a consistent formulation for the
gauge-dependence of the collision integral in second order pertur-
bation theory with second order energy transfer.
To simplify the expression for the collision integral we per-
form a Taylor series expansion of F in terms of ∆xe ≪ xe and
∆ye ≪ xe. For the normal Kompaneets equation in the rest frame
of the moving volume element this means that one has to go up
to second order in ∆xe. However, in the Newtonian frame even up
to fourth order derivative terms contribute at second order in βp.
We therefore have to keep all terms ∝ ∆xse∆yte with s + t ≤ 4. The
statistical factor F then takes the form
F / f (p) ≈ n(xe, γˆ′) − n(xe, γˆ) +
4∑
s=1
∆xse
s! ∂
s
xe
n(xe, γˆ′)
+ [1 + n(xe, γˆ)]
4∑
s=0
4−s∑
t=1
∆xse
s!
∆yte
t! ∂
s
xe
n(xe, γˆ′). (C11)
We now define the moments of the energy shifts
I stlm =
x
−(s+t)
e
Ne σT
∫
dσ
dΩ′ f (p)
∆xse
s!
∆yte
t! Ylm(γˆ
′) d2γˆ′ d3 p (C12)
over the scattering cross section. Since Yl(−m)(γˆ′) = (−1)m Y∗lm(γˆ′),
it directly follows I stl(−m) ≡ (−1)m (I stlm)∗, so that only the integrals
with m ≥ 0 ever have to be explicitly computed.
If we write n(xe, γˆ′) as a spherical harmonic expansion with
spherical harmonic coefficients nlm(xe), then from Eq. (C11) it is
clear that we in principle need all moments I stlm with s + t ≤ 4. It is
convenient to compute all those moment with t = 0 separately, but
introduce
K slm =
4−s∑
t=1
xte I
st
lm (C13)
in addition, and evaluate the corresponding integrals in one go.
Then the Boltzmann collision term takes the form
∂n(xe, γˆ)
∂τ
∣∣∣∣∣
scatt
≈
∞∑
l=0
l∑
m=−l
I00lm nlm(xe) −
√
4π I0000 n(xe, γˆ)
+ [1 + n(xe, γˆ)]
4∑
s=0
∞∑
l=0
l∑
m=−l
K slm x
s
e∂
s
xe
nlm(xe)
+
4∑
s=1
∞∑
l=0
l∑
m=−l
I s0lm x
s
e∂
s
xe
nlm(xe), (C14)
with the total number of required moments reduced from 15 to 9
per multipole. Notice that for simplicity we have suppressed the
explicit dependence of n on x and t.
To make further progress we now write down the Boltzmann
collision term in different orders. To compute the moments I stlm and
K slm we turn the z-axis parallel to βp. The moments have a slightly
simpler form when the z-axis is parallel to γˆ, but for Fourier trans-
forms this choice of coordinates is less convenient. Furthermore, it
is useful to first integrate over d3 p and then take care of the dΩ′
part. The required derivations were performed with the symbolic
algebra package Mathematica.
C3 Scattering by resting electrons (θe = βp = 0) without recoil
For the scattering of photons by resting electrons (θe = βp = 0)
and neglecting recoil (ν˜ = 0) the only non-vanishing moments are
I0000 = Y00 and I002m =
1
10 Y2m, reflecting the symmetry (monopole and
quadrupole scattering) of the Thomson cross section. In this case
the collision term reads
∂n(xe, γˆ)
∂τ
∣∣∣∣∣
r
≈ n0(xe) + 110 n2(xe, γˆ) − n(xe, γˆ), (C15)
being the well known lowest order scattering term of the Boltzmann
hierarchy, however, where no expansion of the photon distribution
around the global monopole was performed so far. Here and below
we frequently use the abbreviation fl = ∑m=lm=−l flmYlm(γˆ), where f
can be n orΘ, but alsoΘ2 and ∆ns. Furthermore, flm ≡ [ f ]lm denotes
the projection of f onto Ylm.
C3.1 Perturbed collision term in O(1)
Inserting the expansions, Eq. (16), for n and collecting terms in
different perturbation orders, from Eq. (C15) we have
∂n(1)(xe, γˆ)
∂τ
∣∣∣∣∣∣
r
≈ G
[
Θ
(1)
0 +
1
10Θ
(1)
2 − Θ(1)
]
+ ∆n
(1)
s,0 +
1
10∆n
(1)
s,2 − ∆n(1)s
(C16a)
∂n(2)(xe, γˆ)
∂τ
∣∣∣∣∣∣
r
≈ G
[
Θ
(2)
0 +
1
10Θ
(2)
2 − Θ(2)
]
+
N(1)e
N(0)e
∂n(1)(xe, γˆ)
∂τ
∣∣∣∣∣∣
r
+Yt
[
[(Θ(1))2]0 + 110 [(Θ
(1))2]2 − (Θ(1))2
]
+ ∆n
(2)
s,0 +
1
10
∆n
(2)
s,2 − ∆n(2)s . (C16b)
In zeroth order perturbation theory ∂τn(0)(xe, γˆ)|r vanishes, so that
no term ∝ N(2)e appears. Furthermore, as the last equation shows, in
second perturbation order a y-type spectral distortion from the first
order temperature terms is generated for l > 0. In addition, pos-
sible spectral distortions that are present in first order perturbation
theory because of global energy release are perturbed by first order
variations in electron density.
C3.2 Angle averaged collision term in O(1) and energy
exchange with baryonic matter
Averaging the expressions Eq. (C16) over all photon directions, it
is easy to see that in the Thomson limit the collision term can-
cel identically, both for the temperature fluctuations as well as the
spectral distortions, i.e., ∂τn(1)0 (xe)
∣∣∣
r
= ∂τn
(2)
0 (xe)
∣∣∣
r
= 0. This is ex-
pected from the fact that no energy is transferred by Thomson scat-
tering events, but that photons are only redistributed in different
c© 0000 RAS, MNRAS 000, 000–000
32 Chluba, Khatri and Sunyaev
directions. This also implies that for the global energetics of the
scattering event Eq. (C16) does not contribute.
C4 Generalized Kompaneets term
The Kompaneets equation accounts for the effect of thermal elec-
trons on the local monopole part of the photon distribution. How-
ever, here we obtain the generalized result, which also includes the
effect of scattering on the dipole, quadrupole, and octupole part of
the spectral distortion. The relevant terms of the moments are
I00lm =
[
θe βl − 2ν˜ αl]Ylm, K0lm = 4αlθeYlm,
I10lm = αl [4θe − ν˜] Ylm, K1lm = 2αlθeYlm,
I20lm = αl θeYlm (C17)
with α0 = 1, α1 = −2/5, α2 = 1/10, α3 = −3/70, β0 = 0, β1 = α1,
β2 = −6α2, β3 = −4α3, and αl = βl = 0 for l > 3. We only kept
terms ∝ θe and ∝ ν˜ for the above moments, while terms with βp , 0
are considered below.
Defining n¯(xe, γˆ) = ∑3l=0 αl nl(xe, γˆ) we can introduce the flux
¯F(xe, γˆ) = ∂xe n¯(xe, γˆ) + n¯(xe, γˆ)[1 + n¯(xe, γˆ)]. (C18)
In the case of the normal Kompaneets equation for a fully isotropic
medium and photon field one has ∂τn(xe) = θe x−2e ∂xe x4e F(xe),
with F = ∂xe n0(xe, γˆ) + n0(xe, γˆ)[1 + n0(xe, γˆ)]. One can bring
the temperature-dependent terms of the Boltzmann equation for
an anisotropic incident photon field into a similar form. Using
4x + x2 ∂x ≡ x−2 ∂x x4 and collecting terms we find
∂n(xe, γˆ)
∂τ
∣∣∣∣∣
θe
≈ θe
3∑
l=1
βl nl(xe) + θe
x2e
∂xe x
4
e
¯F(xe, γˆ) (C19)
+ 2θe
[
n(xe, γˆ) − n¯(xe, γˆ)] [xe + ∂xe x2e n¯(xe, γˆ)] .
Here the first term accounts for temperature corrections to the total
Compton scattering cross section of the dipole, quadrupole and oc-
tupole. For the monopole no such term exists, so that in zeroth order
perturbation it does not appear. In first order perturbation theory it
leads to a correction to the evolution equation of temperature per-
turbations, but no additional spectral distortion. Since at z . 2×107
it is much smaller than one percent of the photon temperature per-
turbations8, in the end this term can be neglected for temperature
perturbations. In second order perturbation theory it does lead to
contributions ∝ θe[Θ2]lmYSZ, which we include for consistency, al-
though for the average distortion this does not matter.
The second term in Eq. (C19) describes the diffusive scatter-
ing of photons by thermal electrons, however, with the inclusion of
anisotropies in the photon distribution. If the photon distribution is
isotropic one only has to worry about the monopole, resulting in the
Kompaneets term for Compton scattering. If anisotropies exist, the
monopole through octupole distortions matter in O(θe). Including
higher order temperature correction one would also start to see the
effect of photon diffusion for multipoles with l > 3, however, the
efficiency of photon diffusion drops strongly when compared to the
scattering of the monopole.
The last term in Eq. (C19) is related to the recoil effect with
stimulated scattering and the first order Klein-Nishina correction
(ν˜ ≃ hν/mec2) to the moments I00lm . At high frequencies (xe ≫ 1)
8 Close to the maximum of the Thomson visibility function it would intro-
duce a correction ≃ 5×10−7 relative to the normal temperature perturbations
in first order.
stimulated scattering becomes negligible, since ∂xe x2e n¯(xe, γˆ) =
xe[2n¯ + xe∂xe n¯] ≈ xe[2nPl − G] decays exponentially, while nor-
mal recoil remains significant. It is also important to mention that
the last term in Eq. (C19) vanishes for the monopole part of the dis-
tortion, however, even for the higher multipoles part of this term is
present. This means that at high redshifts the recoil effect in princi-
ple can alter the spectrum of anisotropic contributions of the radi-
ation field. However, when no anisotropies with l > 0 are present,
the last term vanishes identically and only the Kompaneets term for
the monopole has to be considered. At high redshifts one only ex-
pects contributions from the local monopole, dipole and quadrupole
to matter, while, once higher multipoles appear in the Universe, θe
becomes so small that this term can be omitted.
C4.1 Perturbed collision term in O(θe)
We can now again write down the terms ∝ θe in different perturba-
tion orders. With n¯(0) ≡ n(0)0 we have
∂n(0)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
θe
≈ θ
(0)
e
x2γ
∂xγ x
4
γ
{
∂xγn
(0)
0 +
Tz
T (0)e
n
(0)
0 [1 + n(0)0 ]
}
(C20a)
∂n(1)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
θe
≈ θ
(0)
e
x2γ
∂xγ x
4
γ
{
∂xγ n¯
(1)+
Tz
T (0)e
n¯(1)[1 + 2n(0)0 ]
}
(C20b)
+
N(1)e
N(0)e
∂n(0)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
θe
+
θ
(1)
e
x2γ
∂xγ x
4
γ∂xγn
(0)
0 + θ
(0)
e
3∑
l=1
βl n
(1)
l (xe)
+ 2θz xγ
[
n(1) − n¯(1)
] [
1 + 2n(0)0 + xγ∂xγn
(0)
0
]
for the zeroth and first order equations. Here we transformed to the
frequency xγ = hν/kTz . In zeroth order one simply has the nor-
mal Kompaneets term for the local monopole, which in first order
perturbation theory becomes a function of position.
To write down the terms in second order perturbation theory
we resort to additional approximations. In this work we have con-
sidered problems with global energy release, so that both n(0) and
n(1) could be distorted, but n(2) is not of interest, being a small
correction. In this situation Eq. (C20) is enough to describe the
problem. On the other hand, when thinking about the dissipation
of acoustic waves in the early Universe we can assume that n(0) and
n(1) have no (significant) distortion (i.e., n(0)0 ≈ nPl and n(1) ≈ GΘ(1))
and only n(2) has to be explicitly computed. Therefore, the simpli-
fied second order collision term is given by
∂n(2)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
θe
≈ θ
(0)
e
x2γ
∂xγ x
4
γ
{
∂xγ n¯
(2) +
Tz
T (0)e
n¯(2)A
}
(C21a)
+ 2θz xγn(1)[2n¯(1) + xγ∂xγ n¯(1)] + 2θz
[
n(2) − n¯(2)
]
B
+ θ(1)e Dxγ n¯(1) + θ(2)e YSZ +
N(1)e
N(0)e
∂n(1)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
0
θe
+ θ(1)e
3∑
l=1
βl n
(1)
l + θ
(0)
e
3∑
l=1
βl n
(2)
l ,
where A = 1 + 2nPl and B = xγ[A − G] and we introduced the
approximate first order term
∂n(1)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
0
θe
≈ θ(0)e
[
Θ
(1)
0 − ¯Θ(1)
]
YSZ + θ(0)e
3∑
l=1
βl Θ
(1)
l G
+ 2θz
[
Θ(1) − ¯Θ(1)
]
GB. (C21b)
Here we used θ(1)e ≈ θ(0)e Θ(1)0 and ∂xγG + GA = −∂xγnPl. With the
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above assumptions, again no term ∝ N(2)e appears. The second and
third terms in Eq. (C21a) are related to the recoil and stimulated re-
coil effect, which are mainly present at high redshifts. The fifth term
is only important if in second order perturbation theory temperature
differences between the electrons and photon are present, sourcing
y-type distortions of the local monopole. The last two terms are
caused by temperature corrections to the Compton cross section
which only affect the dipole, quadrupole and octupole.
C4.2 Angle averaged collision term in O(θe)
If in addition we average Eq. (C21) over all directions γˆ, by setting
θ
(1)
e ≈ θ(0)e Θ(1)0 , θ(0)e ≈ θz, and n(1) ≈ Θ(1) G we obtain
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
θe
≈ θz
x2γ
∂xγ x
4
γ
{
∂xγ n
(2)
0 + n
(2)
0 A
}
+ θz|Θ(1)0 |2DxγG + θ(2)e YSZ
− 2θz xγG[G +YSZ]
3∑
l=0
l∑
m=−l
αl
|Θ(1)lm |2
4π
. (C22)
This expression is important to describe the evolution of the av-
erage spectral distortion created from the dissipation of acoustic
modes in the Universe. It is good to mention that the integral of this
expression over x2γ dxγ vanishes, since the total number of electrons
is conserved in each scattering event. However, this part of the colli-
sion term does lead to some net energy exchange between electrons
and photons, as we discuss in more detail in Sect. (4.3.3).
If we in addition insert the second order expansion of the pho-
ton distribution function into Eq. (C22) we find
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
θe
≈ θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n
(2)
0 + ∆n
(2)
0 A
}
(C23)
+
[
θ(2)e − θz
(
Θ
(2)
0 + [(Θ(1))2]0 − |Θ(1)0 |2
)]
YSZ
− θzH
∞∑
l=1
l∑
m=−l
|Θ(1)lm |2
4π
− θzE
3∑
l=1
l∑
m=−l
αl
|Θ(1)lm |2
4π
,
where H and E are defined by Eq. (A9), and we used the identity
YSZ ≡ DxγG − H − E. The first term describes the effect of scat-
tering on the monopole of the spectral distortion, ∆n(2)0 , while the
term ∝ θ(2)e is important for the energy exchange between photons
and baryonic matter. The other terms are all caused by the scat-
tering of distortions that are sourced by temperature anisotropies
in first order perturbation theory. These terms all matter for the en-
ergy exchange between photons and electrons, leading to additional
sources of distortions, however, those ∝ YSZ that are present in the
above expression vanish once θ(2)e is computed correctly. We return
to this point in more detail in Sec. 4.3.3.
C5 First order in βp
To first order in βp the only relevant terms in the moments are
I0000 = −βpc10Y10, I001m = 2βpc1mY00 −
βp
10 c2mY2m,
I002m = −
2
5 βpc2mY1m +
βp
10
c3mY3m, I003m =
2
5 βpc3mY2m, (C24a)
I1000 = −βpc10Y10, I101m = βpc1mY00 +
βp
10 c2mY2m,
I102m = −
βp
10 c2mY1m −
βp
10 c3mY3m, I
10
3m =
βp
10 c3mY2m, (C24b)
were we have defined cl,m = cl,−m =
√
(l2 − m2)/(4l2 − 1) and only
kept terms ∝ βp. All other moments vanish. Notice also that cl,l ≡ 0.
Collecting terms and projecting onto the different spherical
harmonics with respect to γˆ we can write
∂n00(xγ)
∂τ
∣∣∣∣∣∣
βp
≈ βpc10
[
3n10 + xγ∂xγ n10
]
∂n1m(xγ)
∂τ
∣∣∣∣∣∣
βp
≈ −βpc1m xγ∂xγ n00 +
βpc20
10
[
6n2m − xγ∂xγn2m
]
∂n2m(xγ)
∂τ
∣∣∣∣∣∣
βp
≈ βpc2m
10
[
9n1m + xγ∂xγ n1m
]
+
βpc3m
10
[
14n3m + xγ∂xγn3m
]
∂n3m(xγ)
∂τ
∣∣∣∣∣∣
βp
≈ βpc3m
10
[
11n2m − xγ∂xγn2m
]
+ βpc4mn4m
∂nlm(xγ)
∂τ
∣∣∣∣∣∣
βp
≈
[
βp · γˆ n(γˆ)
]
lm
= βp
[
cl,mnl−1m + cl+1,mnl+1m
]
. (C25)
The last equation is valid for all l ≥ 4. Equations (C25) describe
the general scattering terms ∝ βp. In particular we have not yet
made the transition to different perturbations. However, in first or-
der perturbation theory only temperature perturbations that are az-
imuthally symmetric around the direction ˆβp are created. Since βp
is already first order in perturbation theory, one can therefore ne-
glect all m , 0 terms. In this limit we can directly compare our
result with the terms giving by Bartolo et al. (2007). There f (1)
is used instead of n(1). Furthermore, in their notations one has
n
(1)
l0 ≡ f (1)l /
√
4π(2l + 1). If we take Eq. (5.34) from Bartolo et al.
(2007) and perform the corresponding replacements, by projection
onto Yl0(γˆ) we confirm that our expressions for m = 0 and all l are
completely equivalent to theirs.
An alternative way of writing the expressions in Eq. (C25) is
∂n(xγ, γˆ)
∂τ
∣∣∣∣∣∣
βp
≈ βp3
[
5
2
+ xγ∂xγ
] 1∑
m=−1
Y1m( ˆβp) n1m
+ βp · γˆ
{
n −
[
1 + xγ∂xγ
]
n0 − 12 n1 +
1
10
[
1 − xγ∂xγ
]
n2
}
−
√
2π
3 βpY
∗
1m′ (γˆ)Y∗1m′′ ( ˆβp)
(
2 1 1
m m′ m′′
)
n2m
+
1
5
√
2π
3
βpY∗2m′ (γˆ)Y∗1m′′ ( ˆβp)
(
1 2 1
m m′ m′′
) [
4 + xγ∂xγ
]
n1m
− 15
√
3π
7
βpY∗2m′ (γˆ)Y∗1m′′ ( ˆβp)
(
3 2 1
m m′ m′′
) [
4 + xγ∂xγ
]
n3m,
where in the last two terms sums over m, m′, and m′′ have to be
taken. Here also the direction of the velocity vector is still left in-
dependent of the coordinate system, so that it is valid in any system.
C5.1 Derivation using explicit Lorentz transformations
It is also possible to directly derive the terms ∝ βp using ex-
plicit Lorentz transformations of the collision term, Eq. (C15).
First we have to transform the photon distribution from the New-
tonian frame into the rest frame of the moving volume element.
This can be done using the relation, Eq. (B6). After applying the
collision operator we transform back into the Newtonian frame.
After all these transformations the term ∝ n is back to the start-
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ing point, however, the collision integral has to be multiplied by9
γ−2p (1 + βpµ′)−1 ≡ 1 − βpµ to account for the transformation of
∂τ′ → ∂τ. This leads to a term ∝ −βpµpn(xe, µp). For the same rea-
son one has the additional two terms −βpµp(n0+n2/10). In addition
one has those terms ∝ βp caused by the Lorentz transformation of
n′0 and n′2 back into the Newtonian frame. In total this leads to
∂n(xγ, γˆ)
∂τ
∣∣∣∣∣∣
βp
≈ −βpµp
(
n0(xγ) + 110 n2(xγ, γˆ) − n(xγ, γˆ)
)
(C27)
+ βpc10
[
2 + xγ∂xγ
]
n10Y00 −
βp
10 c2m
[
1 − xγ∂xγ
]
n1mY2m
+
βp
10 c3m
[
4 + xγ∂xγ
]
n3mY2m − βpc10 xγ∂xγn00Y10
− βp
10 c2m
[
3 + xγ∂xγ
]
n2mY1m +
βp
10 c3m
[
2 − xγ∂xγ
]
n2mY3m.
The first term is from the transformation of ∂τ′ . The next three terms
arise from the Lorentz transformation of n from the Newtonian
frame into the moving frame. The remaining terms are from the
back transformation of n0 + n2/10 into the Newtonian frame. If we
perform the projection of the first term onto the different spherical
harmonics, it is straightforward to confirm the equivalence of this
expression with Eq. (C25). No additional integrals had to be taken
and everything followed from the collision term in the Thomson
limit using Lorentz transformations of the photon field.
C5.2 Perturbed contributions in O(βp)
We now write down the results for different perturbation orders. In
lowest order perturbation theory the contribution ∝ βp vanishes. In
first order we only have
∂n(1)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
βp
≈− β
(1)
p√
3
xγ∂xγn
(0)
00 Y10(γˆ) ≡ −β(1)p µp xγ∂xγn(0)0 (C28)
with µp = ˆβp·γˆ. This is the well known expression which allows one
to account for the Doppler effect. If in zeroth order a distortion is
created by global energy release, then this term also modulates the
distortions. Otherwise, only temperature perturbation are produced,
since −xγ∂xγ n(0)0 ≡ G(xγ). Also, one can pair this term with the
dipole term in Eq. (C15) by introducing ng1 = n1 + βpµp xγ∂xγn0.
The next few sections show that every dipole term actually appears
in this way when accounting for the correct gauge-dependence of
the collision term.
To give the second order perturbation result we need to insert
n
(1)
lm into the expressions Eq. (C25), with β(1). In addition we have
to add N(1)e ∂τn(1)(xγ, γˆ)|βp/N(0)e to account for the effect of electron
density perturbations, as well as β(2)p ∂τn(1)(xγ, γˆ)|βp/β(1)p . However,
the latter two contributions only source temperature perturbations
and therefore can be omitted in the end.
Assuming that up to first order perturbation no spectral dis-
tortions are present, the second order terms ∝ βp only depend on
GΘlm and its first derivatives with respect to xγ, which source y-
type distortions for l < 4 and m = 0. Using −xγ∂xγG ≡ YSZ + 3G
9 We have dt = γp(1 + βpµ′) dt′ ≡ [γp(1 − βpµ)]−1 dt′ and a factor of 1/γp
from the transformation of Ne.
and β(1)p Θ(1)lm ≈ δm0 β(1)p Θ(1)l0 from Eq. (C25) we find
∂n
(2)
00 (xγ)
∂τ
∣∣∣∣∣∣∣
βp
≈ − β
(1)
p√
3
Θ
(1)
10 YSZ (C29a)
∂n
(2)
10 (xγ)
∂τ
∣∣∣∣∣∣∣
βp
≈ 3β
(1)
p√
3
Θ
(1)
00 G +
9β(1)p
5
√
15
Θ
(1)
20 G +
N
(1)
e
N(0)e
β
(1)
p√
3
+
β
(2)
p√
3
G
+
β
(1)
p√
3
Θ
(1)
00 YSZ +
β
(1)
p
5
√
15
Θ
(1)
20 YSZ (C29b)
∂n
(2)
20 (xγ)
∂τ
∣∣∣∣∣∣∣
βp
≈ 6β
(1)
p
5
√
15
Θ
(1)
10 G +
33β(1)p
10
√
35
Θ
(1)
30 G
− β
(1)
p
5
√
15
Θ
(1)
10 YSZ −
3β(1)p
10
√
35
Θ
(1)
30 YSZ (C29c)
∂n
(2)
30 (xγ)
∂τ
∣∣∣∣∣∣∣
βp
≈ 21β
(1)
p
5
√
35
Θ
(1)
20 G +
4β(1)p
3
√
7
Θ
(1)
40 G
+
3β(1)p
10
√
35
Θ
(1)
20 YSZ (C29d)
∂n
(2)
l0 (xγ)
∂τ
∣∣∣∣∣∣∣
βp
≈ β(1)p
[
cl,0Θ
(1)
l−1,0 + cl+1,0Θ
(1)
l+1,0
]
G. (C29e)
For the problem of spectral distortions only the terms ∝ YSZ matter,
while the other terms are only important for second order correc-
tions to the temperature perturbations.
C6 Second order in βp
Similar to the case of first order in βp, at second order in βp too
we have some dependence on the azimuthal angles. However, the
expressions are rather lengthy and for our problem we need not
consider terms ∝ β2pΘ or higher, so that only the spatially average
monopole term matters. Therefore, in terms of CMB spectral dis-
tortions in O(β2p) the only non-negligible moments are
I1000 =
4
3β
2
pY00 +
2
3
√
5
β2pY20 (C30a)
I2000 =
1
3β
2
pY00 +
11
30
√
5
β2pY20. (C30b)
With this we find
∂n
(2)
00 (xγ)
∂τ
∣∣∣∣∣∣∣
β2p
≈
β2p
3
Dxγn(0)00 (C31a)
∂n
(2)
20 (xγ)
∂τ
∣∣∣∣∣∣∣
β2p
≈ −
4β2p
5
√
5
xγ∂xγ n
(0)
00 +
11β2p
30
√
5
Dxγn(0)00 . (C31b)
All other terms vanish up to second order perturbation. Note that
here β2p is evaluated in first order perturbation theory.
An alternative way of writing this result is
∂n(2)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
β2p
≈ β2p
{[
1 + µ2p
]
xγ∂xγn
(0)
0 +
[
3
20 +
11
20µ
2
p
]
x2γ∂
2
xγ
n
(0)
0
}
.
This expression was also given by Bartolo et al. (2007, compare
their Eq. (5.35)) and earlier by Hu et al. (1994b, see their Eq. (14)).
Again assuming that no distortions are appearing up to first order
perturbation theory one has Dxγn(0)0 ≈ YSZ and −xγ∂xγn(0)0 ≈ G. For
our purpose again only the terms ∝ YSZ matter.
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C6.1 Derivation using explicit Lorentz transformations
Like for the terms ∝ βp one can obtain those ∝ β2p by simple Lorentz
transformation of Eq. (C15). We only care about the monopole in
the Newtonian frame and neglect higher multipoles. As the first
step we transform the monopole (assuming that there are no other
anisotropies) into the moving frame and apply the scattering oper-
ator. This yields
∂n′(x′γ, γˆ′)
∂τ′
≈ −
9β2p
20 d20
[
Dx′γ − 4x′γ∂x′γ
]
n00(x′e)Y20(γˆ′)
− βpc10 x′γ∂x′γ n00(x′γ)Y10(γˆ′). (C33)
The first term is already second order in βp, so it directly carries
over to the Newtonian frame without further modification. From the
second we have the contribution because of the change ∂τ′ → ∂τ
plus the Lorentz transformation of this term back into the New-
tonian frame. The derivative x′γ∂x′γ is Lorentz invariant and just
carries over. If we therefore simply set n′10 = −βpc10 x′γ∂x′γn00(x′γ)
we directly have the back transform using relations Eq. (B7), with
βp → −βp. Collecting terms ∝ β2p we find
∂n(2)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
β2p
≈ −
9β2p
20 d20
[
Dxγ − 4xγ∂xγ
]
n00(xγ)Y20(γˆ) (C34)
+ β2pc10 µp xγ∂xγn00(xγ)Y10(γˆ)
+ β2pc
2
10[2 + xγ∂xγ ][xγ∂xγn00(xγ)]Y00
− β2pd20[1 − xγ∂xγ ][xγ∂xγn00(xγ)]Y20(γˆ).
Since xγ∂xγ xγ∂xγ = xγ∂xγ + x2γ∂2xγ = Dxγ − 3xγ∂xγ , we directly have
[2+xγ∂xγ ]xγ∂xγ = Dxγ−xγ∂xγ and −[1−xγ∂xγ ]xγ∂xγ = Dxγ−4xγ∂xγ .
From the second term in Eq. (C34) we obtain the
contributions β2p[c210Y00 + d20Y00]xγ∂xγ n00(xγ) after projection.
Here β2pc210Y00 xγ∂xγn00(xγ) cancels the drift part from the third
term. Therefore the remaining term for the monopole is
1
3β
2
pDxγn00. Finally, if we add the first and last terms of
Eq. (C34) we find 1130√5β2p
[
Dxγ − 4xγ∂xγ
]
n00(xγ)Y20(γˆ). Together
with β2pd20Y00xγ∂xγn00(xγ) from the second term this eventu-
ally gives β2p
[
11
30
√
5Dxγ −
4
5
√
5 xγ∂xγ
]
n00(xγ)Y20(γˆ), which confirms
Eq. (C31). We emphasize again, that no additional integrals had
to be taken and everything followed from the collision term in the
Thomson limit using Lorentz transformations of the photon field.
C7 Contributions to the collision term ∝ βpθe and ∝ βpν˜
So far we have only considered the velocity-dependent terms that
arise from the Thomson scattering part of the collision integral, i.e.
those ∝ βp and ∝ β2p. However, also from the Kompaneets part addi-
tional gauge-dependent terms arise. Usually these can be ignored,
however, for the thermalization problem at high redshifts it is im-
portant to understand the net source of distortions in addition to the
evolution of the distortions under Compton scattering.
If we are interested in the higher order terms ∝ βpθe and ∝ βpν˜
it is clear that in first order perturbation theory we only need the
moments I st00 and K s00, since terms ∝ βpΘ are second order. We find
I0000 = 4βpν˜ c10Y10, I
10
00 = −βp
[
10θe − 315 ν˜
]
c10Y10,
I2000 = −βp
[
47
5 θe −
7
5 ν˜
]
c10Y10, I3000 = −
7
5βpθe c10Y10,
K000 = −8βpν˜ c10Y10, K100 = −
62
5 βpν˜ c10Y10,
K200 = −
14
5 βpν˜ c10Y10, I
40
00 = K
3
00 = 0. (C35a)
At this point it is easier to go the other way around and first derive
the expression using Lorentz transformations, as the grouping of
terms and their origin is easier to follow.
If in the Newtonian frame we only have a monopole, then in
the rest frame of the moving volume element the photon occupation
number has a motion-induced dipole anisotropy of first order in βp,
i.e. n′(x′e) ≈ n0(x′e)+x′e∂x′e n0(x′e) βpµp. If we use Eq. (C19), we know
that in the moving frame the collision term reads
∂n′(x′e, γˆ′)
∂τ′
∣∣∣∣∣∣
θe
≈ θe
x′2e
∂x′e x
′4
e
[
∂x′e n0(x′e) + n0(x′e)[1 + n0(x′e)]
]
− 25 θeδn1(x
′
e) −
2
5
θe
x′2e
∂x′e x
′4
e
[
∂x′eδn1(x′e) + δn1(x′e)[1 + 2n0(x′e)]
]
+
14
5 θeδn1(x
′
e)
[
x′e + ∂x′e x
′
e
2
n0(x′e)
]
, (C36)
where δn1(x′e) = βpµp x′e∂x′e n0(x′e). Those terms ∝ δn1(x′e) are al-
ready first order in βp so that they directly carry over to the New-
tonian frame. Then we only have to transform the first term of
Eq. (C36) back into the Newtonian frame. One contribution is again
from the transition ∂τ′ → ∂τ and a second arises from the back
transformation n0(x′e) → n0(xe) − βpµp xe∂xe n0(xe). The operator
Dxγ is Lorentz invariant, however the term∝ n0(x′e)[1+n0(x′e)] gives
another contribution −βpµp n0(xe)[1 + n0(xe)], because the operator
x′−2e ∂x′e x
′4
e transforms like x′e = γp xe(1 − βpµp). This yields
∂n(xe, γˆ)
∂τ
∣∣∣∣∣
βpθe
≈ −βpµp θe
x2e
∂xe x
4
e
[
∂xe n0 + n0(1 + n0)
]
− θe
x2e
∂xe x
4
e
[
∂xeδn1 + δn1(1 + 2n0)
] − βpµp θe
x2e
∂xe x
4
en0(1 + n0)
− 25θeδn1 −
2
5
θe
x2e
∂xe x
4
e
[
∂xeδn1 + δn1(1 + 2n0)
]
+
14
5 θeδn1
[
xe + ∂xe x
2
en0
]
.
Grouping terms and transforming to xγ we finally have
∂n(1)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
βpθe
≈ −β(1)p µp
θ
(0)
e
x2γ
∂xγ x
4
γ
[
∂xγ n
(0)
0 +
Tz
T (0)e
n
(0)
0 (1 + n(0)0 )
]
− β(1)p µp
θz
x2γ
∂xγ x
4
γn
(0)
0 (1 + n(0)0 ) − β(1)p µp
2
5 θ
(0)
e xγ∂xγn
(0)
0
− 75β
(1)
p µp
θ
(0)
e
x2γ
∂xγ x
4
γ
[
∂xγ xγ∂xγn
(0)
0 +
Tz
T (0)e
(1 + 2n(0)0 )xγ∂xγn(0)0
]
+
14
5 θz β
(1)
p µp
[
xγ + ∂xγ x
2
γn
(0)
0
]
xγ∂xγ n
(0)
0 . (C37)
If we explicitly carry out all the derivatives, turning this expres-
sion into a sum over different orders of xkγ∂kxγ n0, we can verify each
of the terms and moments given by Eq. (C14) and (C35). As this
result shows the first order velocity correction to the generalized
Kompaneets equation only affect the dipolar part of the spectrum.
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Again, by redefining the dipolar part of the spectrum in the Newto-
nian frame as ng1 = n1 + βpµp xγ∂xγn0 we can absorb most of these
terms when pairing with the dipole terms of Eq. (C20b). However,
additional contributions arising from the Lorentz transformation of
the zeroth order collision term, Eq. (C20a), back into the Newto-
nian frame remain. These are basically the first and second term of
Eq. (C37), as well as 5/7 of the fourth term.
C7.1 Partial confirmation using result for kinematic SZ effect
We can also check part of the expression (C37) with Eq. (12) of
Sazonov & Sunyaev (1998). Assuming θe ≫ θz and n0 = nPl, the
conditions valid for the scattering of CMB photons by the hot elec-
trons inside clusters of galaxies, we find
∂n(xγ, γˆ)
∂τ
∣∣∣∣∣∣
SZ
βpθe
≈ −βpµpθeYSZ + βpµp 25θeG +
7
5βpµpθeDxγG
= −βpµpθe
{
47
5 YSZ +
138
5 G −
7
5 xγG
(
6G + xγ
)}
.
In the second line we used the relations Eq. (A7). This re-
sult is precisely the term ∝ βpθe that was given in Eq. (12) of
Sazonov & Sunyaev (1998), after converting to their notation10.
This term was also obtained by Nozawa et al. (1998a).
C7.2 Terms in second order perturbation theory
In second order perturbation theory we also have to account for
the anisotropies in the photon distribution. We are however only
interested in the terms that appear for the average spectrum at each
point. For all terms of Eq. (C19) which are linear in n it is clear that
to first order in βp only those from the dipolar part of the spectrum
can mix into the monopole. On the other hand for the non-linear
terms, ∝ n2, also the monopole matters when appearing together
with dipole terms, since the final average of expressions ≃ n0µpn1
over photon directions gives rise to a monopole term.
With this argument, terms ∝ N(1)e and θ(1)e can be directly ne-
glected, leading only to a dipolar term in second order perturbation
theory. From Eq. (B7) we know that Lorentz transformation of the
photon occupation number into the moving frame gives δn(2)00 (x′e) =
β
(1)
p c10[2+x′e∂x′e ]n(1)10 (x′e) and δn(1)10 (x′e) = β(1)p c10 x′e∂x′e n(0)00 (x′e). Assum-
ing n(0) ≈ nPl and n(1) ≈ GΘ(1) we therefore have
δn
(2)
0 = −
β
(1)
p Θ
(1)
10√
12π
[G +YSZ] , δn(1)1 = −β(1)p µp G.
Inserting this into Eq. (C19), and assuming θ(0)e ≈ θz, we find the
10 The first two terms in our expression correspond to 10 − 475 F, while the
last one is equivalent to 710 (2F2 +G2) in their notation.
following terms that contribute to the evolution of the monopole
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
in
βpθe
≈ θz
x2γ
∂xγ x
4
γ
{
∂xγδn
(2)
0 +δn
(2)
0 A
}
+
8
25 θzD
∗
xγ
[
n
(1)
1 δn
(1)
1
]
0
− 28
25 θzxγ
[
n
(1)
1
(
2δn(1)1 + xγ∂xγδn
(1)
1
)]
0
− 28
25θz xγ
[
δn
(1)
1
(
2n(1)1 + xγ∂xγn
(1)
1
)]
0
=
β
(1)
p Θ
(1)
10√
12π
θz
[YSZ + 2H] − 825
β
(1)
p Θ
(1)
10√
12π
θzD∗xγG2
− 28
25
β
(1)
p Θ
(1)
10√
12π
θzE, (C38)
where H and E are defined in Eq. (A9) and D∗xγ = x−2γ ∂xγ x4γ. This
is not the final answer, as we still have to account for those contri-
butions appearing from the transformation back into the Newtonian
frame. The transformation11 ∂τ′ → ∂τ results in
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
τ
βpθe
≈ 25
β
(1)
p Θ
(1)
10√
12π
θz
[G − YSZ] − 145
β
(1)
p Θ
(1)
10√
12π
θzGB,
withB = xγ[A−G]. For the transformation of the occupation num-
ber the first term of Eq. (C19) leads to 25 θzδn(2)0 . The back transfor-
mation of the second term adds 2/5 times the first and 5/2 times
the second term in Eq. (C38), totalling the coefficients to 7/5 and
−28/25, respectively. However, because the operator D∗xγ trans-
forms as xγ one has to add another term + 25√12πβ
(1)
p Θ
(1)
10 θzD∗xγGA.
Note also that D∗xγG2 = −E (cf. Eq. (A9)). Finally, the last term of
Eq. (C19) gives rise to − 145√12πβ
(1)
p Θ
(1)
10 θzGB and − 75√12πβ
(1)
p Θ
(1)
10 θzE+
14
5
√
12π
β
(1)
p Θ
(1)
10 θz[G +YSZ]B.
Adding all these contributions we eventually find
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
βpθe
≈ −25
β
(1)
p Θ
(1)
10√
12π
θz
[
DxγG + 3YSZ
]
− 75
β
(1)
p Θ
(1)
10√
12π
θz E
+
7
5
β
(1)
p Θ
(1)
10√
12π
θz
[YSZ + 2YSZB + 2H] − 145
β
(1)
p Θ
(1)
10√
12π
θzGB
=
β
(1)
p Θ
(1)
10√
12π
θz
[
27
5 YSZ −
2
5E +
26
5 H
]
. (C39)
To explicitly check this result with the Boltzmann collision term,
11 We just have to multiply Eq. (C19) by −βpµp and average over all photon
directions.
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Eq. (C14), one needs the monopole parts of the moments
I0010 =
6
5βp c10 [θe − 6 ν˜] Y00 +
3
5βp c20 [θe − ν˜] Y20,
I1000 = 2βp c10
[
47
5 θe −
39
10 ν˜
]
Y00 + βp c20
[
7
5θe −
9
5 ν˜
]
Y20,
I2000 = βp c10
[
58
5 θe −
7
5 ν˜
]
Y00 +
1
2
βp c20
[
29
5 θe − ν˜
]
Y20,
I3000 =
7
5 c10 βpθeY00 +
1
2
c20 βpθeY20, (C40a)
K000 =
72
5 c10βpν˜ Y00 +
6
5 c20βpν˜ Y20,
K100 =
78
5 c10βpν˜ Y00 +
18
5 c20βpν˜ Y20,
K200 =
14
5 c10βpν˜ Y00 + c20βpν˜ Y20. (C40b)
Inserting these together with the expressions Eq. (C35) into the
Boltzmann equation, Eq. (C14), we can confirm the correctness of
Eq. (C39) by directly computing the final collision term and aver-
aging over all photon directions.
C8 Contributions to the collision term ∝ β2pθe and ∝ β2pν˜
Also to second order in βp additional gauge-dependent terms arise
from the Kompaneets part. Since β2p is already second order, we
only need the moments I st00 and K s00:
I0000 = −
5
3 ν˜β
2
pY00 −
4
3 ν˜β
2
p
Y20√
5
,
I1000 = β
2
p
[
8θe − 476 ν˜
]
Y00 + 4β2p
[
θe − 4730 ν˜
]
Y20√
5
,
I2000 = β
2
p
[
16θe − 215 ν˜
]
Y00 + 12β2p
[
θe − 1130 ν˜
]
Y20√
5
,
I3000 = β
2
p
[
28
5 θe −
7
15 ν˜
]
Y00 + β2p
[
6θe − 1930 ν˜
]
Y20√
5
,
I4000 =
7
15β
2
pθeY00 +
19
30β
2
pθe
Y20√
5
, (C41a)
K000 =
10
3
β2pν˜ Y00 +
8
3
β2pν˜
Y20√
5
,
K100 =
47
3 β
2
pν˜ Y00 +
188
15 β
2
pν˜
Y20√
5
,
K200 =
42
5 β
2
pν˜ Y00 +
44
5 β
2
pν˜
Y20√
5
,
K300 =
14
15β
2
pν˜ Y00 +
19
15β
2
pν˜
Y20√
5
. (C41b)
Let us again go the other way around and first derive the expression
using explicit Lorentz transformations. Neglecting anisotropies
with l > 0, the transformation into the moving frame gives
δn′0(x′γ) ≈
1
6β
2
p
[
Dx′γ − x′γ∂x′γ
]
n′0 ≈
1
6β
2
p
[YSZ + G] (C42a)
δn′1(x′γ) ≈ βpc10 x′γ∂x′γn′00Y10(µ′p) = −βpµ′pG′. (C42b)
We directly omitted the motion induced quadrupole, since we are
only interested in the average spectrum. For the full Boltzmann col-
lision term in the moving frame we find
∂n′(x′γ, γˆ′)
∂τ′
≈ θeDx′γn0 + θzD∗x′γn0(1 + n0) +
4
25θzD
∗
x′γ
δn′1
2
+ θeDx′γ [δn′0 −
2
5δn
′
1] + θzD∗x′γ [δn
′
0 −
2
5δn
′
1]A′ −
2
5θeδn
′
1
+
14
5 θz δn
′
1B′ −
28
25θz δn
′
1 x
′
γ[2 + x′γ∂x′γ ]δn′1. (C43)
These are all terms that either are already second order in βp or
lead to additional terms upon transforming back to the Newtonian
frame. Those ∝ δn′0 and δn′12 are already ∝ β2p, so they directly carry
over without leading to anything in addition. To obtain the final
result in the Newtonian frame we furthermore have to transform
∂τ′ → ∂τ, which implies multiplication of the above expression by
1−βpµp. In addition one had to take care ofD∗x′γ → γp[1−µpβp]D
∗
xγ
,
and the transforms of n′0, B′, A′ and δn′1 into the Newtonian frame.
After carrying out all these transformations we find
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
β2pθe
≈ 29
75β
2
p θzD∗xγG2 −
2
3β
2
pθzH −
1
3β
2
pθzYSZ +
14
75β
2
p θzE
+
1
6β
2
pθz
[YSZ + 2H + 2E] + 215β2pθz
[
3YSZ −H − E
] (C44a)
+
7
15β
2
pθz
[E + 2 (G − YSZ)B]
= −4930β
2
pθzYSZ −
7
5β
2
pθzH . (C44b)
The first five terms in Eq. (C44a) are those that directly carried
over, plus those coming from the first two terms in Eq. (C43). The
rest arises because of the terms ∝ δn′1 in Eq. (C43). We confirmed
this result by inserting the moments Eq. (C41) into the Boltzmann
equation, Eq. (C14), and averaging over all photon directions.
C8.1 Partial confirmation using result for kinematic SZ effect
Again we can check part of our results using the expression given
in connection with the SZ effect of clusters of galaxies. Assuming
θe ≫ θz and n0 = nPl, in the moments Eq. (C41) we can drop all
terms ≃ ν˜. Computing the terms explicitly and then comparing with
the β2pθe term of Nozawa et al. (1998a), Eq. (20) and Eq. (24)–(25),
we obtain their result plus one term − 12β2pYSZ. The reason for this
residual is that here we explicitly transformed Ne into the CMB rest
frame, while in Nozawa et al. (1998a) Ne is evaluated in the cluster
frame. After redefining Ne in this way our results again agree.
C9 Final expressions for the collision term
C9.1 Final expression for the first order thermalization term
We now write down the final expression for the temperature-
dependent parts of the collision term. If we introduce
n
g
l = n
(1)
l + δl1 β
(1)
p µp xγ∂xγn
(0)
0 = n
(1)
l − δl1 β(1)p µp [G + T ] , (C45)
with T = −xγ∂xγ∆n(0)0 , then one can absorb a large part of the
velocity-dependent terms in Eq. (C37) by adding Eq. (C20b). We
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find
∂n(1)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
θe
≈ θ
(0)
e
x2γ
∂xγ x
4
γ
{
∂xγ n¯
g+
Tz
T (0)e
n¯g[1 + 2n(0)0 ]
}
+
[
N(1)e
N(0)e
− β(1)p µp
]
∂n(0)(xγ, γˆ)
∂τ
∣∣∣∣∣∣
θe
+ θ(0)e
3∑
l=1
βl n
g
l (xe)
+ θ(1)e Dxγn(0)0 − β(1)p µpθz D∗xγn(0)0 (1 + n(0)0 )
− β(1)p µp
θ
(0)
e
x2γ
∂xγ x
4
γ
{
∂xγ xγ∂xγn
(0)
0 +
Tz
T (0)e
(1 + 2n(0)0 )xγ∂xγn(0)0
}
+ 2θzxγ
[
ng − n¯g] [1 + 2n(0)0 + xγ∂xγn(0)0
]
, (C46)
where D∗xγ = x−2γ ∂xγ x4γ and n¯g = n(1)0 − 25 n
g
1 +
1
10 n
(1)
2 − 370 n(1)3 . Since
all velocity-dependent terms appear as part of the dipole anisotropy,
they do not affect the total energy exchange between electrons and
photons. Upon averaging over all photon directions, γˆ, we are only
left with
∂n
(1)
0 (xγ, γˆ)
∂τ
∣∣∣∣∣∣∣
θe
≈ θ
(0)
e
x2γ
∂xγ x
4
γ
{
∂xγn
(1)
0 +
Tz
T (0)e
n
(1)
0 [1 + 2n(0)0 ]
}
+
N(1)e
N(0)e
∂n
(0)
0 (xγ, γˆ)
∂τ
∣∣∣∣∣∣∣
θe
+ θ(1)e Dxγn(0)0 , (C47)
which clearly shows that the local equilibrium between photons and
electrons is unaffected by the peculiar motion.
C9.2 Final expression for the angle-averaged collision term in
second order perturbation theory
We have now obtained all terms to consistently write down the final
expression for the angle-averaged collision term in second order
perturbation theory. We first introduce the new variables
3( ˆΘg1)2 = 3 ˆΘ21 − 2βp ˆΘ1 +
β2p
3
=
(3 ˆΘ1 − βp)2
3
(C48a)
yg≥l =
∞∑
l′=l
(2l′ + 1) ˆΘ2l′ , (C48b)
where in the definition of yg≥l the term l′ = 1 is 3( ˆΘg1)2. Adding
Eq. (C23), (C29a), (C31a), (C39), and Eq. (C44b), we find
∂n
(2)
0 (xγ)
∂τ
∣∣∣∣∣∣∣
scatt
≈ −βp ˆΘg1YSZ +
θz
x2γ
∂xγ x
4
γ
{
∂xγ∆n
(2)
0 + ∆n
(2)
0 A
}
+
[
θ(2)e − θz[Θ(2)0 + yg≥1]
]
YSZ (C49)
− θz
β
2
p
6 −
17
5
ˆΘ
g
1βp
YSZ − θz
[
Θ
(2),g
y,≥1 −
16
5
ˆΘ
g
1βp
]
H
− θz
[
−65 (
ˆΘ
g
1)2 +
1
2
ˆΘ22 −
3
10
ˆΘ23 −
2
5
ˆΘ
g
1βp
]
E
for the Boltzmann collision term of the average photon distribution
in second order perturbation theory.
C9.3 Expression inside the local rest frame
To compute the corrections to the local electron temperature we
need the result for the collision term inside the rest frame of the
moving gas element. To obtain the required expression, we start by
integrating Eq. (C19) over all photon directions, which yields
∂n0
∂τ
∣∣∣∣∣
θe
≈ θeDxγ n0 + θz
(
D∗xγn0 +D∗xγ
[
n¯2
]
0
+ 2
[
(n − n¯)∂xγ x2γn¯
]
0
)
.
In second order perturbation theory we find
∂n
(2)
0
∂τ
≈ θ(0)e Dxγn(2)0 + θzD∗xγn(2)0 A + θ(1)e Dxγn(1)0 + θ(2)e Dxγ n(0)0
+ θzD∗xγ
[
(n¯(1))2
]
0
+ 2θz
[
(n(1) − n¯(1))∂xγ x2γn¯(1)
]
0
≈ θzDxγ n(2)0 + θzD∗xγ n(2)0 A + θz(Θ(1)0 )2DxγG + θ(2)e YSZ
+ θz
[
( ¯Θ(1))2
]
0
D∗xγG2 + 2θz
[
(Θ(1) − ¯Θ(1)) ¯Θ(1))
]
0
G ∂xγ x2γG.
In the second line we have used the fact that in first order perturba-
tion theory no distortion is created unless there is significant energy
release in zeroth order perturbation theory.
If we want to use this expression to compute θ(2)e in the local
rest frame we have to transform the CMB spectrum into this frame.
The anisotropies with l > 0 only appear in first order perturbation
theory, so that we only need to substitute ˆΘ(1)1 → ˆΘ(1)1 − βp/3 ≡ ˆΘg1.
Furthermore, D∗xγG2 = 2G ∂xγ x2γG = −E, so that the last two terms
only give −θz[Θ(1) ¯Θ(1)]0E.
For the second order monopole spectrum one has to insert
n
(2)
0 ≈ ∆n(2)0 + G
(
Θ
(2)
0 + [(Θ(1))2]0
)
+
1
2
YSZ[(Θ(1))2]0
− βp
[
ˆΘ
(1)
1 −
βp
6
]
(G +YSZ)
= ∆n
(2)
0 + G
(
Θ
(2)
0 + y
g
≥0
)
+
1
2
YSZ yg≥0 + βp
[
ˆΘ
(1)
1 −
βp
6
]
G,
where yg≥l is defined by Eq. (C48b). The terms ∝ βp and β2p arise
from the transformation of the CMB spectrum into the moving
frame, Eq. (B7). Putting all this together and using DxγG = YSZ +
H + E we eventually find
∂n
(2)
0
∂τ/γp
≈ θzDxγ∆n(2)0 + θzD∗xγ∆n(2)0 A +
[
θ(2)e − θz
(
Θ
(2)
0 + y
g
≥1
)]
YSZ
− θz βp
[
ˆΘ
g
1 +
βp
6
]
YSZ − θz yg≥1H
− θz
[
−65 (
ˆΘ
g
1)2 +
1
2
ˆΘ22 −
3
10
ˆΘ23
]
E. (C50)
Comparing with Eq. (C49) we see that the terms −βp ˆΘg1YSZ +
θz ˆΘ
g
1βp
[
17
5 YSZ + 165 H + 25E
]
all arise from the transformation back
into the Newtonian frame.
APPENDIX D: ANISOTROPIC BREMSSTRAHLUNG AND
DOUBLE COMPTON EMISSION
To treat the thermalization problem in the expanding Universe
one also needs to include the effect of Bremsstrahlung and double
Compton emission. These processes are important at high redshifts
and allow for adjusting the number of photons, while scattering
only leads to redistribution of photons over energy. In the standard
thermalization problem perturbations are ignored and the collision
term for BR and DC has the form (see e.g., Illarionov & Sunyaev
1975b; Rybicki & Lightman 1979; Lightman 1981; Burigana et al.
1991b)
∂n
∂τ
∣∣∣∣∣
e/a
≈ K(xγ, θe)
x3γ
{1 − n0[exγϕ − 1]} , (D1)
with ϕ = Tz/Te. In this paper we do not attempt to derive a con-
sistent second order collision term for BR and DC. However, as-
suming that the above expression describes the evolution of the lo-
cal spectrum inside the rest frame of a moving gas element, we
c© 0000 RAS, MNRAS 000, 000–000
Acoustic Damping 39
can account for the effects of Doppler boosting and aberration us-
ing Lorentz transformations. It is expected that like in the case of
Compton scattering also the dipole through octupole anisotropies
will enter the full BR and DC collision term, but we neglect these
correction terms here.
In zeroth order perturbation theory Eq. (D1) just carries over.
In first order perturbation theory the transformation of the CMB
spectrum into the moving frame does not change anything, i.e.,
n′0 ≈ n0. Using ν′ = γpν(1 − βpµp) we find
∂n(1)
∂τ
∣∣∣∣∣∣
e/a
≈
[(
2 − xγ∂xγ ln K
)
βpµp + θ
(1)
e ∂θe ln K
] ∂n(0)
∂τ
∣∣∣∣∣∣
e/a
− K
x3γ
(exγ − 1)
[
n
(1)
0 − βpµp xγ∂xγ n(0)0
]
+
K
x2γ
n
(0)
0 ϕ
(0)
(
θ
(1)
e
θ
(0)
e
+ βpµp
)
exγ , (D2)
where ∂τn(0)
∣∣∣
e/a
is given by Eq. (D1) with n0 = n(0)0 , θe = θ(0)e and
ϕ = ϕ(0) = Tz/T (0)e . As this results shows, in first order perturbation
theory the photon emission and absorption term acquires a dipo-
lar contribution from the Lorentz transformation in and out of the
moving frame. Note however, that this is not the fully consistent
expression, as we mentioned above.
In second order perturbation theory we directly integrate over
all directions of the outgoing photon to obtain the averaged emis-
sion and absorption term. We also assume that in zeroth order per-
turbation theory ∂τn(0)
∣∣∣
e/a
= 0. With this we find
∂n
(2)
0
∂τ
∣∣∣∣∣∣∣
e/a
≈ K
x3γ
(exγ − 1)G
 θ
(2)
e
θz
−
Θ(2)0 + yg≥1 + βp ˆΘg1 + β
2
p
6


− K
x3γ
(exγ − 1)
[
∆n
(2)
0 +
1
2
YSZ yg≥1
]
, (D3)
where we have used Eq. (16c) and ∆n(2)0 = ∆n(2)av + ∆n(2)s,0 .
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